Function

| EXERCISES

)

ELEMENTRY

Q.1

Q.2

Q.3

Q4

Q.5

Q.6

(1)

The domain of function Ioge{x—[x]} ISR, because
[X] is a greatest integer whose value is equal to or

less than zero.
(4

1
-1<logzx<1;31<x<3= §§x§3

] ] 1
. Domain of function = {5,3} :

(3)

(iyx<2

(i) Vo-x2>0=|x|<3
or-3<x<3

Hence domain is (-3, 2].

(3)

The function f(x)=+/log(x? —6x+6) is defined

when log(x? - 6x+6) >0

= x%2_6x+6>1 = X-9(x-D=>0

This inequality holds if x <1 or x >5. Hence, the

domain of the function will be (—0,1] U[5,0) .
(3) —1<1+3x+2x%<1
Casel: 2x2 y3x+1>-1) 2x°+3x+2>0

~3+4/9-16 -3+iy7
6

6

(imaginary).

Casell @ 2x? 4 3x+1<1
3
= 2x%+3x<0 = X[(X+7)=<0
-3 3
—<x<0= Xe|--,0
= 5 X = [ > }
In case |, we get imaginary value hence, rejected

-3
. Domain of function = {70} )

(4)

Q.7

Q.8

Q.9

Q.10

Q.11

f(X) _ eV5X—3—2X2

3
=5x —3-2x2 > Q0N (X‘l)(x‘z) 20

+ve
T o 1 an

- D€[1,3/2]

(2)

To definef(x), 9—x2>3= —3< x < 3--:(i)
-1<(x-3)<1=>2<x<4 . (i)
From (i) and (ii), 2<x <3 i.e,[2, 3).

(3)

f(x) =1+ .

X% .3 = Range =(17/3].
(3)

sin2V/x +costx = % holdsx lyingin [0,1].
(3)

x% +14x +9

X2 +2x+3 )

= x2+14x+9=x2y+2xy+3y

= x%(y-D+2x(y-7)+(By-9) =0

Sincex isred, .. 4(y-7)°>-4@By-9)(y-1)>0
= 4(y? + 49-14y) - 4(3y* +9-12y) > 0

= 4y? +196- 56y —12y2 — 36+ 48y > 0

= 8y?+8y-160<0 = y?+y—-20<0

= (y+5(y-4)<0; . yliesbetween—5and4.
(1)



Function

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

(4)

Here x +3>0 and x2 + 3x + 220
wx>-3and (x+D(x+2)#0, i.e. x=#-1,-2
. Domain=(-3,0) -{-1,-2} .

(2)
x2—6x+7=(x—3)2—2

Obviously, minimum value is — 2 and maximum o .
Hence range of function is [-2, «].

(3)
f(x)=log(vX—4+4/6-X)

=>X—-4>0and6—-x>0=>x>4andx<6
-. Domain of f(x) = [4, 6]

(2)

The quantity under root is positive, when

1-4/3<x <1143,
(2)

Obviously, here | x| > 2 and x #1

i.e, X e(—0,-2)u(2,0).
(2

2 2
Iog{SXTX}zO:SX X >1

6

or x2-=5x+6<0 or (x-2)(x-3)
Hence 2<x <3.

(2)
Wehave f(x) = (Xx-1D)(x - 2)(x - 3)

andf(Q)=f(2)=f(3)=0
= f(x) isnot one-one.
For each y eR, there exists x ¢R such that

f(x)=y . Thereforef is onto.
Hence f - R — R 1S onto but not one-one.

(4)
f(-) =) =1;

- function is many-one function. Obviously, f is not
onto so f is neither one-one nor onto.

(1)
Let x,y €N such that f(x) = (y)

Then f(x) =f(y) = Xx® +x+1=y? +y+1
=> (X-yY)(X+y+)=0=>x=y

Q.21

Q.22

Q.23

Q.24

Q.25

or x=(-y-1)¢N

. fis one-one.

Again, since for each y € N, there exist x e N
- fisonto.

(3)
x2—4_y2—4
x2+4 y2+4

Let f(x) = f(y) =

2 2
X 41:y 4

- —1:>x2+4:y2+4
~ x214

y2 +4
= X=1zy, . f(x) ismany-one.
Now for each y € (-11), there does not exist x < X

such thatf (x) =y . Hencef isinto.
(2)

f'(x) =

(14 %)2 >0,vx €[0,%) and range <[0,1)

= function is one-one but not onto.

(4)
Wehave f(x)=x+\/x_2=X+|X|
Clearly f isnot one-oneas f(-1) =f(-2) =0 but

-1=2.
Also fisnot onto as f(x) >0,Vx eR,

Also, rangeof f =(0,0)cR.
(1)

(o] = 1) =3

f(x)+1

X+ _ X=3-3x-3 3+X
(x—i) x—3+x+1 1-x
g 'l

X+

Now 1111 oo = ]

(3+x)_

1-x 3+ X=3+3X

(3+xj T 3+x+1-X
+1

1-Xx

(2)
f(2X) = 2(2x)+ | 2x |= 4x + 2| x|,

f(=X) = —2x+ | —X |= —2x+ | x|,



f(x)=2x+|x]| = f(2X)+f(-x)-f(x)

=4X + 2| X |+ | X|-2X — 2x—|X| Q.3
Q.26  (4) Here f(2)=%
5 2><§+1
Hence (fof)(2)=f(f(2))=f(—)= 4 __2.
4 5
3x—-2
4
Q27 (2 Q.4
(gof )(x) =|sinx | and f (x) =sin®x
= g(sin®x) =|sinx |; - g(x) = VX -
Q.28 (2
f(x) =log(x +Vx2+1)
and f (—x) = —log(x +vVx2 +1) =F(x)
f(x) is odd function.
Q.29 (4)
Given f : (2,3) = (0,1) and f (x) =x—[x]
f)=y=x-2x=y+2=fHy)=f (x)=x+2
Q.30 (1)
y_1ox—1o*X 1 (1+yj
10°+10% 2 oy 05
Let y=f(x) = x=f1(y)
_ 1 1+y
fy)==lo (—)
= (y) 5 J10 1y
_ 1 1+x
= f 1(X)=§|0910[E]
JEE-MAIN
OBJECTIVE QUESTIONS
Q1 (1)
f(x) = sint (x — 1] - 2)
Fordomain—-1<|x-1/-2<1
= 1<x-1<3=>x-1e[-3,-1 U]l 3J
= X €[-2,00U][2 4]
Q2 (4
For domain—log,,(x —1) > 0and x>+ 2x + 8 >0
=log,,(x-1)<0 and
= ((Xx+1)2+7>0 Q.6
=>((x-1)>1and
=xeR
=>X>2

Function

Taking intersection X e [2, )

(3)
f(x) = cot? /x(x+3) +cos?t x2 13x+1

for domain x(x +3)>0and0<x2+3x+1<1
= Xe (~0,-3]uU[0,o)andx2+3x+1>0 and x?
+3x<0 = xe[-3,0]
Taking intersection
X e {3, 0}

(4)

1

= —log, 1+X1T -1>0
1

= -log, 1+X1T >1:x>0

= Xeod

(2

P—-4pr=0,p>0

f(x) =log (px* + (P + ) X2+ (q +1) X +71)
= pCH(p+o)x*+(q+r)x+r>0
(px® + px?) + (ax? + gx) + (rx + 1) >0
p2(x+D+ogx (x+1D)+r(x+1)>0
(x+1) (px2+gx+r)>0

D =g —4pr

Means it is perfect square D = 0 (given)

b
"~ 2a

=
=
=
=

x

2
q |
(X+1)[X+2pj S0 x+1>0=>x>-1(X# 2|O)

= Xe (-1, o) - {—z—qp}

o]

(1)

2x -1
f(x) = \/_IOQX“‘ (Iogz 3+x )

2




X+4
Case-1:

>1 = x>=2

2x-1
—Iogﬂ log, X+ 3 >0
2

2x-1
= |09X+4 Iogz X+3 <0
2

2x-1 2x -1
= log, <1l= <13 <2

X+3

= >0 =>x>-3

X+3

2x-1
X+3

>0

= x>1;x<—3
2

2x-1
& log, |33 >0
2x-1
X+3
X—4

X+3
= xX>4;x<-3

>1

= >0

/N
\
b I— |
/
-3 -2 Y 4
Xe 4w ... 0]
Case2:0< <1l = -4<x<-2
-1
109y 4 |092? 20
-1 -1
= logy,4 log, 3 <0 log, 3 >1

7
= <0=>x<-3
+3

2x—1 X—4
& I092 X+3 >0 = x+3>0
= X>4;x<-3 . xe(4-3)..(2
Du@ = xe (4 ])u4 x

Q.7

Q.8

Q.9

Q.10

Q.11

(1)

VI0gy310g4([x]? - 5)
=log,,log, ([x]?*-5)>0= 0<log, ([x]*-5) <1
= 1<[x]?-5<4 = 6<[x]?<9
[x] always gives integer value so square of GTF will
also give Integer value. In between 6 and 9 are only
perfect square value possible.
[X?=9=[x]=3[x]=-3
3<x<4-3<x<=-2

T xel[8,-2uU[34)

(1)
f(x) = log, (3x* — 4x + 5)

11
3X?—4x+5> 3

11
= /M @BX2-4x+5) >/n —

3
[** ¢nisanincreasing function]

: 11
Rangeis {fn?, oo]

(2)

fX)=4+2x+1

Let 22=t>0,VxeR
fX)=gt) =t2+t+1,t>0

Rangeis (1, «)

(2)

f(x) = log s (\/E(sinx—cosx)+3)
weknow that

— 42 <sinx—cosx< 42,VxeR

[since —ya® +b% <asnx+bcosx< /a2 4 p? ]
= —-2< .2 (shx—cosx)< 2
= 1< 42 (sinx—cosx)+3<5

= 0<log ;5 (J2 (sinx—cosx) +3) <2
Hencerangeis|[0, 2]

(4)

f(x) = 1095 (2-log, (16 SiM? x + 1))

= 0<sn’x<1 = 0<16sn’?x<16
= 1< 16sin’x+1 <17



Q.12

Q.13

Q.14

0<log, (16 sin°’x + 1) < log,17
—log,17 < —log, (16 sinx + 1) <0
2—10g,17 < 2—-log, (16 sin* x+ 1) <2

log 5 (2-log,17)< l0g 7 M <2

U sy

—oo<|Ogﬁ|\/|S2
(3)

cosX 1 1
2

X X X
= 1 — - —| = —
f(x) cos= —cos7 2 + 2 cos? >

—(:os5 1 -1
2

0soo§§sl:>0520052252
X
= 2$2+20032E <4 .. 2<y<4
(3)
sin? x + 4sinx +5
f(x) =

2sin? x +8sinx + 8

1 2sin? x + 8sinx + 10
fx)= = ) .
2| 2sin®x+8sinx+8

1]
N |

{ : }
1+— > -
2sin“x+8sinx +8

1 1
i g
2{ (sinx+2)2:|

(e = 51+ 2 =1

1 5
f)l,,, = > [1+ %} = 9 .. Range Bl}

(2)

v

—1 01 2 3

f:[2,0) >Y

f(x) =x2—4x+5

f(x)=(x—2)2+1

For given domain by graph rangeis[1, «)

For function to be onto codomain y = [1, o)

Q.15

Q.16

Q.17

Function

(4)
2x% —x+5 ,
f(X)= =3 .,Domainx € R
7X° +2x+10
f'(x)

_ (Ax-D(7x* +2x+10) - (14x +2)(2x* = x +5)
B (7x% + 2x +10)?

11x? —30x - 20
(7x% +2x +10)?

)

, 0, 0
ff(x)<0 = xe ' 11

f'(x) = >0=>Xx e (—ow, 0) U

30
ff(xX)=0=>x=0, 11
Function is increasing and decreasing in different
intervals, so non monotonic
Many one function.
Onto/ Into

2x%2 - x+5
7x% +2x+10

2X2—x+5>0,Vvxe R and7x2+2x+10>0 V
XeR
a=2>0and

f(x) =

a=7and D=4-280<0
D=1-40=-39<0
fx)>0vVxeR
Also f(x) never tends to +o as 7x2 + 2x + 10 has no
real roots, Range # Codomain so into function.

(1)
f(X)=x3+x2+3x+sinx,xe R
f'(x) =3x2+ 2x + 3+ cos x

32
3x2+2x+3ZE asa=3>0andD <0

—1<cosx<1
sof'(X) >0V xeR
im fx) =+ o

X—0
lim -
xosmso 1(X) = =0
Hence f(x) is one-one and onto function (as f(x) is
continuous function)

(1)

F(x) = 4a—

3

7
xX3+(@-3)x2+x+5



Function

Q.18

Q.19

Case 1'a—Z
BRI

5
f(x):—zx2+x+5

7
Case-2:a# —
-

fX)=(Ga-7)x2+2@-3)x+1
D<O

= 4(a-3)?-4(4a-7)<0

= &-6a+9-4a+7<0
= &-10a+16<0

= (a-8)(@-2)<0 . 2<a<8
(3)

f:(e,©) >R

f(X) =¢n(/n (¢nx))

/nx

e<X<ow

1</nx<ow
0</n(/nx) <o
—o</n(/Nn(/NX) <o

/nt /

o t
Range = Co-domain onto

Let/nt=u
Let/nx=t;te (1, )
/nt e (0, )
nu / ue(0,)
1
[ ‘ . u
one-one

Hence, one-one onto

(4)

6.2
0

f:R>R;f(x) =6+ 6K
x>0 f(x)=2.6"

1
x<0 f(x)=6X+6—X=6X+6—X >2

Many-one into

which can't be one-one

Q.20

Q.21

Q.22

Q.23

Q.24

(3)

2 2
X -4 XS -4
f:R>R;f(x)= f(=x)= —5— =1f(x
- e X2+13( ) X% +1 e
f(x) is even that's why many-one.
+ - +
I I
—4 1
2
X -4
= X2+y=x>-4
y X% +1 =¥ y
y+4
Y A A—
= X=97y >0
y+4
= y—1 <0
yel41)

Range # Co-Domain = into

(1)

y e’ -e”
! -

e¥+e™
By compnendo and dividendo

1+y 2e* [1+yj
_1—y_ 2 = 2X=/n _l—y = X=

(3)
X
fxX)=x-— {5}

for the given domain (2, 4)

X
[E} will beequalto1; soy=f(x)=x-1

= x=y+1 = fAx)=x+1
(3)

Domain of f(g(x))

Range of g(x) = Domain of f(x)

= -5<|2x+5|<7

= 0<|2x+5|<7

= —7<2X+5<7

= —12<2x<2

= —-6<x<1




Q.25

Q.26

Q.27

Q.28

(ax+bj
a +b
cx+d
fof(x) = C(ax+bj+d

cx+d
o) = a’x +ab +bex + bd
ofe) = acx + bc + cdx + d?

2

a“ +bc)x+(ab+hbd
fof() = ( )X+ ( )

(ac+cd)x +(bc+d?) ~*

on comparing coefficient of both side (& + bc) x +
(ab + bd) = (ac + cd) x2 + (bc + d?) x

& + bc =bc + d? =a=dora=-d
and ab+bd=0 =b=0ora=-d
axdac+cd=0 =c=0ora=-d

which can be simultaneously true fora=-d

(1)

f(a(x)) = f(a(x,))

= 9(x) =9(x,)

as fisone- onefunction

= X, =X,

as gisone- onefunction
hence f(g(x,)) = f(9(x,))

= X, =X,

= f(g(x)) isone - one function

(3)

f(g(x)) = cot™ (2x — x?)
—0<2X—x?<1

But domain of f(x) isR*
0<2x—x2<1

= g>cot*1(2x—x2)2%
R n
ange e 22
(2)
-1 x<0

= _ -<0 x=0
gx)=1+x—-[x] f(X) 1 x>0
= f(x) = sgnx

flg()] = f(1+ x = [x]) = sgn (1+ x - [x])
= Sgn(l+¢{><}) =1

positive

(1)

0,11 —=1[1,2] g:[1,2] —>]0,1]
fx)=1+x

g(xX)=2-x

gof(x) =g[f(x)] =g(1 +x)=2—-(1+x) =1-x
Linear polynomial thats why one-one onto.

Q.29

Q.30

Q.31

Q.32

Q.33

Function

(4)

Coxd|x| X 5 x=20,g(x)=x*x>0
f(x)_T_ 0 ; x<0;g(x)=xx<0
gx) ; x=0

x> ;5 x=0
gof = g[f(x)] = |g(0) ; x<O
0 ; x<0
f(x?) ; x>0
= = XZ;XZO
= fog(x) = f[g(X)] 00 | x20
0 ; x<0

= fog(x) = gof(x).

(3)
f(x) = sec (sin x)
Since sin x is a periodic function with fundamental
period 2x. f(x) has a period 2n
for fundamental period

f(x + m) = sec (sin (1 + X)) = sec (-Sin X) = sec
(sinx) =f(x)

T
f [X + E] # f(x) hence fundamental period is ©

(4)
i) = sin (JTa] x)
2n

Period = E =n
[4] = 4
= aec[4,5)

(1)

f(x) =x +a—[x + b] + sin x + cos 2nx + sin (3nx)
+ oS (4nX) + ........ +8in (2n — 1)© + cos (2px)

f(x) = {x + b} + a—b + sin (ax) + cos (2nx) + sin
(3mx) + cos (4nx) + .... + sin (2n — 1) + cos (2nnx)

Period of f(x) = L.C.M (1, 2 22 2
- . y ,3, 4, ......... y 2n_1,

2
;) =2
period of f(x) =2
since f(1 + x) = f(x) , hence fundamental period is 2

(3)
f(x) =sin % [X] + cos ™ +

Y
> cos 3 [x]

IfO<x<1theny=0



Function

Q.34

Q.35

Q.36

Q.37

Q.38

2n
(TJE‘ Q.39
4
1
If1<x<2theny= ﬁ
If2<x <3theny=1
1
If 3<x<4theny= ﬁ
If4<x<5theny=0
Period 8/4/6 = Lcm =24
(3)
fX)=x(2-x); f(x +2) =f(x)
= period = 2
40
(2) N
1+sinx
f(x) =1
() =log (1— sinx]
1-sinx 1+sinx
) =109 | T ginx ) =199 {1-sinx ) =~ %)
odd function
) Q.41
1
fX)=[X]+Zz,xel
2
1 1
)=+ 5 =4 -1+ 2 =- [[x]+§] =-
f(x) odd function
(4)
o XeA
x)= 2+tan2x.f(x2) given that f(—x) = f(x) ....(1)
f — xf(x?) f f
(N = a0 = €010 @
When both conditions are there only one possibility
istherewhenf(x) =0 = f(10)=0
(1)
F) = ax-c
)= x_a =Y
Q.42

fv) = cy-a - c[aX_CJ—a

a’x—-ac-c?’x+ac

" acx-c?-acx+a®

(4)
2 2 2
f(x) = cos T I x+sn | x;n—’:‘4.9
2 2 2
f(X) = cos 4x — sin 5x
f0)=1
LA 4n . bn _ \/5_1 _ 1
f(3]—cos 3 —sn 3 - 5 T \/§+1

(5)-

f(m) =1
(4)
fxX)=x-1

f(x2) = [x2— 1] and f3(x) = [x — 1]
= f(x?) = f4(x)
fx+y)=Ix+y-1land f(x) +f(y)=x-1|+]y
—1]
= f(x +y)=f(x)+1f(y)
f(Ix[) = [Ix] = 1] and [f(x)| = [Ix — 1|

(2)
(1) f(x) =9 +cos™x, x € [-1, 1] and g(x) = g
xeR
n T
f(x) = E, X € [-1, 1] and g(x) = E’X < R Non-

identical functions

(2) f(x) =tan?x + cot*x and g(x) = g xeR

f(x) = g x € Rand g(x) = g X € R Identical

functions

(3) f(x) = secx + cosecx and g(x) = g xeR

f(x):g,|x|e[1,oo) and g(x) = g,XG R Non-

identical functions

(1)
(1 1999 ]
2 " 2000 | = [05+0995] =1 ;
(first thousand terms
(1 1000 ]
%" 5000 [F[05+05] =1




Q.43

Q.44

Q.45

Q.46

Q.47

will be equal to 0)
@Q+21+..... +1) = 1000

1000 times

(1)
f(x) = sgn [x + 1]

—le—

-1

—o0 -1

=1 if[x+1]>0
=[x]>-1 .. x=20

=0 if[x+1]=0
=>[x]=-1. -1<x<0
=-1if[x+1] <0
=[x]<-1 .. x<-1

(2)
f(x) =2sin?0 + 4 cos (x + 0) sinx.sind + cos (2x+26)
f(x) = cos 2x

(i)l

= )+ (E— Xj =1
4

(2)

Z — integer

Domain Co-domain

f(x) =ax?+bx+c
fO)=cel
f(l)=a+b+c=1I
f(1)-f(0)=a+bel

(3)

(A) e(')/2 and [y = D, € (0,:); D, € [0, »)
Domain are not same so not identical

(B) tan (tan x) and cot™ (cot x)
Domain are not same so non identical

(C) cos’x + sin®x and sin?x + cos'x
= Xe R&x e R ldentica

(4)
f(X) = cos (/n x)
f(x) . f(y) = cos(/n x) . cos (/ny)

Q.48

Q.49

Q.50

Q.51

Q.52

Function

X
f(yj + f(xy) = cos (/n X — ¢ny) + cos (/N X + (ny)

09.10) - 5 (f@ - f(xv>]  cos (/nx) 0

(Uny) - % [2 cos(¢nx) cos (/ny) =0
(4)

1
Replace x + X t, where |t| > 2

f)=t2-2,]t|= 2
(3)
fl)=1=2-1
f(n+1)=2f(n) + 1
fQ=2f(1) +1=2.1+1=3=22-1
f=7=28-1
f4=15=2¢-1
Similarly f(n) =2"-1

(2)
Method 1 : (usual but lengthy)
x2f(x) + f(1—x) =2x —x*

replace x by (1 —x) in equation (1)
Q-x)2f1-x)+f(x) =2 (1-x) — (L —x)*

eliminate f(1 — x) by equation (1) and (2)

we get

fx)=1-x2
Method 2 :

Since R.H.S. ispolynomial of 4" degree and also
by options consider f(x) = ax2 + bx + ¢

x2f(x) + f(1—x) = 2x —x*
= x?(ax®+bx+c)+a(l-x)?+b(1-x)+c=2x
—x4

by comparing coefficients

a=-1

b=0

c=1

fx)=—x2+1

(3)

y=2[x]+3andy =3[x—2]
2[x] +3=3[x] -6

= [X]=9=x€[9, 10)
y=21

oo [x+y] =30

(4)
y =f(x)



Function

X-i-1 = y2 i
f x) =X+ 2 (x#0)

(et = o d] 2

= f(x)=x2-2

Q.4

JEE-ADVANCED
OBJECTIVE QUESTIONS

Q.1

Q.2

(D)

1
) = \/(|x|—1)cos‘1 (2x +1) tan 3x 05

here—1<2x+1<1 =-2<2x<0=>-1<x<
0
= xe[-10)
Butx=-1as|x|-1=0
x € (-1, 0)
for x € (-1, 0), (x| - 1) is—ve
tan3x <0

0>3x>— ~orxe |-%,0
2 6

Domain : (—%-Oj N (-1,0) = [—%,0]
(D)

1+x3

f(x) =sin* [2x3’2] + sin(sinx) +10g,, ,, (¢ +1)

Q.3

10

Domain:3{x} +1=+1o0r0
= xgl Q.6

1+x°

a’]d—lﬁwﬁl

—2x32 <1+ x3< 2x%2
1+x3+2x3%2>0
1+x¥)2>0

= XeR
1+x3-2x3%2<0

or (1-x¥)2<0

or 1-x¥=0o0orx=1

Hence domain X € ¢

(A)
Domains of f(x) is (- «o, 0]
Domains of f (6{x}2—-5{x} + 1)

B{x}2-5{x} +1<0= % <{x} g%

1 1
=Sn+g <xs<n+oinel jn'il {n+§,n+5}

2
(D)
f(x) = cot™® (x2 —4x + 3),
Domainx € R
range of x2 —4x + 3is[-1, )
—1<x2-4x+3<w

3
Tﬂ > cott (x2—4x + 3) > 0

Rangey < [0, ??Tn}

(D)
f(x) = (sinx + cos'x)® — 3 sin’x cosx (sinx +
cosx)

3 T T

s T -1
= = _3gint (——cos xj_z__
8 SIN™X 2 > 8

3n?

intx+3 g (sinx)?

3 2
=3 I sintx)2 - Zsintx+ |
8 2 2 16

3 3 2
3 _x 3¢ (sin‘lx—ﬁj
32 32 2 4
maximum value of f(x) at x =—1

3

_n  3n or® _ 7

f = + — X
maximum 32 2 16 8

(D)

[2cosx] +[sinx] =—3

/

N
@—1, 0,1,2 @o, 1

—2<2cosx<-1

1<cosx< 1
B 2

2n 4n
X33



Q.7

4n/3 2 e}

—1<snx<0
X € (z, 2n)

..
. T 3

f(x) =sinx + /3 cosXx

w|y 0

1sinx+ﬁcosx ; x+E i
=2 > 5 =2sin 3 =2sn6

+£<e<£+ﬂ
"3 33
:>ﬂ<e<ﬁ

3 3

N
A
&
A

|

N &
|
<«

<w

= —-1<snb<-

¥3
2
= -2<2sn0<- 3

[-2.-3)
(B)
Area(AAMN)
_1 — e
=3 (2x) x =x

(AP= 2)
0<x< 2

O0<x%2<?2

D Cc

Q.8

Q.9

Q.10

D N c
M
A B
J2 <x<242
PC=22 —x

MN = 2(24/2 =x)
Area(AAMN)

1
= E 2(2& —X)X

=22 x=x2=—(x2=2,[2 X)

=-[(x- J2 -2 =2-(x- 27

Function

= x:\/E,y:Z;x:Z\/E,yZO.'.ye(O,Z]

(©)

0= Tix-pg 1400 17 140

(D)

Here (2 -log, (16 sin’x + 1) > 0

=

=
=
=
=
=
=

X —[x] {x}

3 el0 )= f(xX) e {o, %]

0<16snXx+1<4
0<sin? <i
< sin? 16

1< 16sin’x+1<4
0<log, (16simx +1) <2

2>2-log, (16si’x +1) >0

Iogﬁz > Iogf2 (2-log, (16 sin’ + 1)) > —o0

2>2y>—w

Hencerangeisy € (—x, 2]

X _ e—|x| e” —-e
09 =~ % i Zoex
forx>0
eX—e™X e¥_1
Y2 e T e

11



Function O

i -1 el — gllx2) = t(x,) = t(x,)
Lett=e' = y= 22 X, =X, =tisone-one = fisone-one function.
egx>1=t>1 Q.15 (A)

yt2=12-1 '

Yy Xy—3y=x-2 = x(y—1)=3y-2
2 2 — 1 3y -2
2>1 =t 1—2y21:>0£y<§ =x=fl(y)= y-1

Q.16 (B)
Q1 (© x = 10 satisfies
f(X) = 2[X] + COS X f (X) =x
f(x) = cosx x € [0, 1) Q17 (C)
=2+ cosx x e[l 2)
=4+ cos x X € [2,3) R . 0
=6+ CoS X X € [3,4) f(x) = cotx R* > >
for x € [0, 1) f'(x) =—ve — Dy y2
x e[12) F(x) = —ve ?(X) 2 X oy Rh_’R o1
X € [2 3) f'(x) = —ve (9(x)) = cot™ (2x — x?), where x € (0, 1]
X € [3,4) f'(x) =+ve T
= function is not one-one hence f(g(x)) € |45
if x € [0, 1) range: [1, cos 1)
X € [1,2) range: [2 + cos 1, 2 + cos 2) 018 (B)
not onto function f(x) = x=1] f:R*>R
g(x) = €, g:[-1,0) >R
12 D
O = o+ s fog(x) = flg(x)] = le* ~ 1]
f'(x) = p + cosx g : [[(_)100;0)
p = O for converging ranges of f(x) is (—o, ©) Tt
f'X)=P+cosx>0o0or <0 VxeR
Pe (=0, —1) U (L, oc) — f'(x) will not be zero. QL8 ™
1 1 2
Q.13 (B) fAXtg) = | X*g] + | X5 +[x+1] -
f:S— R, f(A) = areaof the A
S — set of triangle ; R* — set of real values 1
for one base there are many triangle can possible. So 3()( + gj +15
many-one.
1 2
Q.14 (D) = {X”Lg} + {XJFE} +[x] —=3x + 15 =f(x)
fi(m0,2) > [0, €] ; f(x) = e0¥30D) = gX"+3x-2 - fundamental period is 1/3
t(x) =—x2+3x -2
Q20 (D)
2
: f)=snla]x = 3 ==
el
/{ = 4=[a .. ac[4,5)
Range (—»,0] Q'21 (B)

X
=—(x-2) (x=1) X X _Xx e’ +1
—®<t(x) <0 =1 v %155 ooy ¥t
O0<e®<1
f(x) = e® x [e7%+1 x [€*+1
fx) =1(x) == |ox 1) *1= 5 |ox 1) =1

12



Q.22

Q.23

Q.24

Function

even function Q.25 (O
(D) [x] +2{-x} =3x
« Case-1l:xel;x+0=3x=2x=0=>x=0
-1 .
£(x) = Case2:x ¢ |
) x"(@* +1) = =
=S>[X+2(1-{x})=3x*=[x]+2-2(x—[x]) =3x
f(x) = f(—x) =[X]+2-2x+2[x]=3x = 3[x]=5x-2...()
. y &X—{x} +2-2{x} =3x
1-a a’ -1 = 2-3{x} =2x=0<{x} <1
= = = (X)"=—Xx" {x} = {x}
(-x)"@+a*)  x"(@* +1) = 0<3{x} <3=>0<2-2x<3
= —-2<-2x<1
1 = —1<2x<L2
n=-3
" —%<x£1
(©)
1
. . . 241 If—5<x<0
9:[-2,2] > Rig(x)=x*+tanx+
1
g(=x) =—g(x) from(l) > —-3=5x-2= x:—g
x2 +1 Ifo<x<1
= |"p | =0 from(l) = 0=5x-2 = x=2/5 .. 3solution
If x =1 (reject asx e | is aready taken)
2
0< X ¥ 4 026 (C)
P 0<A<1,0<B<10<c<1
5 = 0<A+B+C<3
= x2+1=5= — <1 p=[A+B+C]=2q=[A] +[B] +[C] =0
P Maximum value of p— g means maximum value of p
= p>5 and minimum valueof q=2-0=2
(D) JEE ADVANCED
X X MCQ/COMPREHENSION/ COLUMN MATCHING
(A) y1+sinx = [Sin5+cos7 Q1 (B,

sin X +cosX
2 2

non-identical function

2X
i1 _ —1
(B) sin 1Toxl 2tan™ x, x € [-1, 1] only 2

2tanlx,x e R
non-identical function

(© \h2=K.xeR

(&)2 =x,x e R"U{0}
non-identical function
(D) /nx®+ /nx2=5/nx,x>0

50x, x>0
identical function

f(x) = /n (sin"(log,x))
DomainO0<logx<1,xe(1,2]

Range (— 0, éni}
2

(B.D)

Domain D e [-1, 1]

(A) f(x) =x2 many -one
-1 ‘0 1

(B) g(x) =x® one - one

13



Function

Q.3

Q.4

Q.5

14

(C) h(x) =sin2x many - one

X
(D) k(x) =sin [7} one-one function

(AD)
fil'> R f(x)=/x

-

Range={y:y= ,h .nel?}
function is not onto but one-one

(B,CD)
f:R>[-1,1]
-1, -1<x<0
T
f(x)=sin[E[X]]: 0, O<x<l
1, 1=x<2

Many - one function
into function

Also f(x + 4) = sin (§[X+4lj
=gn (2n+g[x]j

- sin [gtxlj

= f(x) and hence periodic

(A,B,C)

(A) f(x) = cos (costx) =x, x € [-1, 1]

odd function

(B) f (x + ) = cos (sin (x + m)) + cos (cos (X + m))
f (x + m) = cos (sin x) + cos (cos x) = f(x)

(2] oo s o 25

= cos (cos x) + cos (sin x)
=f(x)

fundamental period = g

Q.6

Q.7

Q.8

Q.9

Q.10

(C) f(x) =cos(3sinx), x e[-1, 1]
—3s8nl1<3sinx<3sinl

= cos(3sinl)<cos(3snx)< 1
Range is[cos (3 sinl), 1]

(B)

f:R—>R,

f'(x) =3x?+2ax +b
D<0Oor4a-12b<0
ora&<3b

f(x)=x®+ax®+bx +c

(A,B,C,D)

sin(rn[x])

=0,x¢l
{x}

f(x) =

(A) By graph fundamental period isone
(B) f(x) =0=1(x)

.. even function
(C) Rangey < {0}

(D) y=sgn {Sgn%] -1,xel

y=sgn()-1=y=1-1
y=0,x¢el Identical to f(x)

(A,B)
f;[-11] — [0, 2]
for onto function

Range = codomain
only two linear functions possible as show in graph.

(AB,C)
By definition

(B,C,D)
f:R—>[-11]
0<x<1;
1<x<2;

< <
non
o



Q.11

Q.12

Q.13

Q.14

Q.15

3<x<4;
4<x<5;
5<x<6;
(AC)

< <K
I
= O |

1-x
f(X):m,OSXSl

g(x)=4x (1-x),0<x<1

; C1-g(x)  1-4X(1-Xx)  1-4x+4x?

0000 = T g(x) = 1+ 4xA—x) ~ 11 4x— 452
gof(x) = 4f(x) . (1 —f(x))

-5

8x(1-x)
T @+x)?
(A,B,C)
f(x) = sin* 3x + cos* 3x
. L
period = L.C.M. 3'3)°3
For fundamental period Q.16
f(x +gj =dgn* (3(x +%D + cos (3(x +%D
= cos’ 3x + sin* 3x = f(x)
fundamental period = %
(A,B,D)
(A) f) =[x+1]=[x] +1 Q.17
non periodic
(B) f(x) =sinx? non periodic
(C) f(x) =sin*x periodic with period «
(D) f(x) =sint x monotonic =  non-
periodic
(A,D) Q.18

f(X) = sin x + tan x + sgn (x% — 6x + 10)
f(X) = sinx + tan x + sgn ((x — 3)? +1)
f(x) =sinx +tanx +1

period = L.C.M. (2r, ©) = 21
fundamental period = 2n

(B,C,D)

(A) f(x) = €0 = gacix;

Function

secx > 0 but not equal to zero, so x = 1
X € (-0, —1] U (1, )
g(x) = sec™x, X € (=0, —1] U [1, )
non-identical functions

(B) f(x) =tan (tan? x) =x,x € R
g(x) = cot (cot*x) =x,Xx € R
identical functions

1 x>0

() f)=syn(x)=10 x=0
-1 x<0

1 x>0

g(x)=sgn(sgnx)= 10 x=0
-1 x<0

Identical functions

(D) f(x) = cot? x . cos® X,
x e R={nmn},
g(x) = cot? x — cos? x
=cot?x (1 —sin?x)
= cot? X. Cos*X
xeR—-{nn},nel

nel

Identical functions

Comprehension # 1 (Q. No. 16 to 18)

(A)
ff(x)=x?+x+a
f'(x)=0

= X+1 2+ a—l >

2 4 =0
Hencea>1
4

(B)
Ifa=-1
ffx)=x2+x-1
D=1+4>0
= many one function and cubic polynomia have
range (— oo, ) hence onto function

(A)
For f(x) to beinvertible f(x) should be one-one that
is f'(x) >0,

1w
= ae 4’

15



Function

Q.19

Q.20

Q.21

Q.22
Q.23

Q.24
Sol.

16

Comprehension # 2 (Q. No. 19to 21)
(A)

Le=3 =[x =3

1
2

= e |

(D)
(X = | (1 x 1)
= f(x) = 0

=f(x) ==

(©
Range of f (x) = [-1, 1]

= log,, (f,(x)+2) = [log,,1, log,,3]
Comprehension # 3 (Q. No. 22to 24)

(©
(A)

(A)
(22 to 24)

X

Period of etan{“} is 4

((1— 2[x])
S

5 )=0 VxeR

n[X]

Period of sm[jj is4
. Period of f(x) is4

p=4then y= /8 + 2[x] - [x]?

—[x]2+2[x]+8 >0
[X]?-2[x] -8 < 0
i.e,([X]-4)(x]+2 <0

-2<[x] <4
-2 <x<5b
q=-2 ,

r=5
r-g-1=5+2-1=6

X+2 , x=20
fZ(X): 2-x , x<0

2+1,(x),
f,(f,()) =1, _ f,(x),

f,(x)> 0
f,(x) < 0

2+x+2 , x+220, x>0
2-(x+2) , x+2<0, x>0
2+2-x , 2-x20, x<0
2-2-x) , 2-x<0, x<0
4+x x>0

:{4—x , x<0

Range of f,(f,(x))is[4,0) U (4,x0)=[4,
w) =[p, x)

Q.25 (A)-R; (B)-S; (C)-P; (D)Q

X+1 1 2x+1

(A) -1< <1= > <0& >0
2 2 _

(B)X +3x—221:>x + 2X 320
X+1 X+1

(C) X=1 0 X2t
2 2

(D) yx% +12 x>0

Q26 (A)—>(,n,(B)—> (a1, (C)—(q),(D)—~>(9

Y T
(A) y =sin [2nt+§j +2sin [3“2} +3sin (51
t)

ox 3% Sr) (12 2)
LCM | 5 20 2 ) LM = |30 5 ) =2

(B) y ={sinnx} period=2

1/2 1 2
1

0, =
For x e [ 2

Forx € (0,2) and x € (0, 8)
function is money - one

0

j function is one-one

SinEX Sinﬁx
1
©y=7 T T x
COS—X [cos—X
4 4

(D) Since f(x) is bijective,
S f(0)=0or 2 but f(0)=0=c=0
(whichisnottrue) .. f(0)=2& f(2)=0



Q.27

Q.28

(A)-S; (B)-

R; (C)-P;

(D)Q

(A) Graph below x-axis will shift to above the x-
axis.

(B) f(|x]) isan even function. So graph on LHS of
y-axiswill below as same asthat of RHS of y-axis
(C) f(Jx]) isaneven function. So graph on RHS of
y-axiswill below as same asthat of LHS of y-axis

0 if f(x)>0
D)y = {— f(x) if f(x)<0

(A) = (), (B) = (9), (C) = (p), (D) — (1),
(A) sin fx +cos? Jx = g =x e [0, 1]
(B) sinty/x + cost (1—\/X_2j =0

= 00sty1-x? =-sin(x)

= xe[-10Q]

1-x2

(©) g[mz] = 2h(x)

1-x°?

1+ x?

= cos? ( ] =2tantx

= X e [0, )

1+x
(D) h(x)+h (1) = h[m]

= tan?x +tan'=tan™ Lix
1-x

= X € (—0, 1)

NUMERICAL VALUE BASED

Q.1

Q.2

[17]

7X-%x2—6>0 = X2—=7(x)+6<
0

x-1)(x-6)<0 = x € [1, 6] and

sSnx+cosx>0 =

3n 7n
PﬂUhﬂ
[0]

_ (X2 +x+2)(x+1) _

f00 = (X2 +x+D(x+1) xeR-{0}

X2 4+ X +2 _
)= et ’
x e R—{0, -1}

Q.3

Function

_XPx+2
X% +x+1
= (y-Dx2+(y-1x+y-2=0
y=1l, D=0
Y-1)-4y-1(y-2)=0
= 1<y<7/3
at Xx=0wegety=2
e ) ) X2 +Xx+2
=2 = —
y X% +x+1
= X(x+1)=0
= x=0,-1 but x # 0, -1
SO y#2

7
Range [1, 5} —-{2}.

(2]

f & g are 2 distinct functions [-1, 1] — [0, 2] onto

functions

Sof & gareeither x+1orx+1

Casel f(x)=—x+1
gx)=x+1

M) _1-x
9(x) " 1+x

1_1_7)(
1+x:

l+1_7x
1+x

h(x) =

h(h(x)) =

X

x-1
h(l/X) = m

x-1

x+1 1
h(h(/x)] = 1+X7_1 = ;

x+1

h(h(x)) + h(h ED
X

does not contain point x = +
Case-l|
fx)=1+x ;
1+x

h=1-y

1+1+7X

o 1-x_ 1
h(h(x)) = . ==

=|x + 1/x| > 2 asdomain

1

g(x) =1-x

17



Function

Q.4

Q.5

Q.6

Q.7

18

h(h(1/x)) = = X : |h(h(x)) ; h(h(%m = x
—UX|=(x+1x)>2

[34]

f(—x) =—[ax” + bx®+ cx] =5 ;f(—x) =—[f(x) + 5] -5
f(x) =—f(x) =-10 put x=7
f(7)=-17 S0 f(7) + 17 cosx =
—17 (cosx —1) € [-34, (]

[20]

/2 H ke

Period of e "X is
and that of tan2x is /2
so number of solutionsin (0, «t) is 2

Number of solutionsin [0, ] is 2
so humber of solution in [0, 10x] = 20

[22]

21 X

22 y

23 Z

case-1 case-1I

case-1II

f(21) = x T F
F

f(22) = x F T
F

f(23) =y F F
T

case-l f(22) =x,f(23) =y

then f(21) = x is not true
case-Il f(23) =y, f(22) =z, f(21) = x
not possible
case-Ill f(22) = x, f(23) =z, f(21) =y
f-1(x)=22

—1+45

[3] or [x=1, >

]

3
X +1
L 2¥ox-1

2

KVPY

x3+1
2
= f-}(x) = ¥2x-1

Equation becomes f(x) = f ~%(x)
= f(x)=x

Let f(x) =

x3+1
2
= x3-2x+1=0
= (x-1)(x®*+x-1)=0

—1+45
= x=1,
2
Allter :
Let y=32x-1

y¥—-2x+1=0 and x®*-2y+1=0
(Y]—-2x+1)—-(x*-2y+1) =0
(Y-x) (y?+xy +x*+2) =0

y=x ory?+xy+x2+2=0

A

y=x or (X+y)2+x2+y?+4=0

Puttingy =x in y = 3/2x—1, we get
x3—2x+1=0

1445

Which yieldsthe values x = 1, >

PREVIOUS YEAR’S

Q.1

(©

f(x) =ax® +bx +c
givenf(1) =0
=a+b+c=0

and 40 <f (6) <50

= 40<36a+6b+c<50
= 40<35a+5b <50

= 8<7a+b<10
7a+b=integr=9 .. D
and 60 < f(7) <70

= 60<49a+7b+c<70
= 60< 48a+6b< 70

=10<8a+b<11.6
8a+b=integr=11 ... 2
Solving (1) & (2)

a=2,b=-5,c=3
Sof(X)=2x2—-5x + 3

f (50) = 4753



Q.2

Q.3

Q.4

Q.5

1000 t < f (50) < 1000(t + 1)

(1000 x 4) < 4753 < 1000 (4 + 1)

L t=4

(©

Clearly f (m +x) +f (x —X) (every term
contain cosine)

(el ()5 (E 03] (5)
(5 )(%)

r=to-21(5)+1( )]
2@

(e) (5= (5)(%)

_ 2(1+ Boos™ s Dcosgj

(5 )5 (5%
41100 e

T = contains only B, D terms

©
xgl & [X]>1
= Xxe (2, 3) only option satisfy.

©

(L if xeAUB
f(X’AUB)‘{L if xeAUB
if xeA, xeB

if xgA, xeB
option (A, B, D) satisfy
if xg A, xgB=f(x,AuB)=0= C(only C satisfy)

if xeA, XfB}:f(xAuB) 1= Noneof the

(©)
%OJ_’L)n +"C,(2011)™ + "C,(2011)™* +...+ "C_,(2011)+
= (2011+1)n -1

Function

(D)
f(x) =x?(x*—1) +x (x*— 1) + 1 positive for x > 1 or
x<0

=1-x+x4*=x°+ x®2 positive for x (0, 1)
f (x) is always positive

(2)
f(x)=v4-+/2x+5
4-2x+5>0 2x+520
J2x+5<4 X=-5/2
x<
2
511
el——=,—
37
q _t_—5/2+11/2_§
mid poin ==, 75
(B)

Only whena =a,=a,
In other cases f (x) will take both positive and nega-
tivevalues

(B)
0
X+1
) x+1)_x-1 't
f (x)—f(f())—f( 1) §+1 1—x
x-1

X+1
f200=f(0=3—
f4(x) =x
P=f(2.f:@3)f(4f*(5

5
P=3x3x §><5:75

Multiple of Pis 375

(©)

Coefficient of highest degree term must be negative
because if it is positive, then X — oo,y > w0 and it is
not possible, since f(x) < 100.

Now, graph will be like

AY
100

/ 1/2 \'

19



Function

Q.11

Q.12

20

1
at least two real roots will be there, & if x # o then

f(x) < 100, it is not aways true, as the graph can be
like this also

Ay

100

Now, let the highest coefficients, it can have is 49

1 49 49
fl=[=494+—+—+....
then, (2] 5 "2

But the sum cannot be equal to 100.

(B)

Domain of f(g(x)) isR
 2—CcosX—cos* x>0

(cosx +2) (cosx-1)<0=>-2<cosx<1
XxeR

Domain of g(f(x)) is[-2, 1]

cos(\/Z— X —x? )

2—Xx—x2>0
Domain of f(g(x)?) isR
.+ 2 —C0SX —cos*x > 0
(cos?x + 2) (cos’x -1) < 0
-1<cosx<1
XxeR
Domian of g(f 3(x)) is Domain of g(f(x))
i.e, [-2, 1]

Q.13

©
£ () s 1)) =1

f(x)(4x —4x* -1) = 4x -2

(x): —2+4x
4x —4x° -1
2f(0)+3f(1):2( ~2+0 j+3( ‘2+4j
0-0-1 4-4-1
:+4+3(L12):+4—6:—2
Alternate
Putx =0

f(0)+%f (1)=1= 2 (0)+f (1) =2
putx =1
f(1)+:—;f (0)=1=> 2f (1) + 3 (0) =2

solving abovef(0) =2 and f (1) = -2
o 2f(0)+3f(1)=4-6=-2

(B)

(a1+a2+....+an)[i+i+ ...... + Jzn2
a & a,
S<-n(n-1)

(D)

©

Case (1) n=even

An — nCn/z =2

A “ic

so for al n even given relation is true.
Case (2) n=odd

I"ICL_]—
A, _ 2 _ 2n
A, "'C,., n+l
2

which satisfies only for n = 19




Q.16

Q.17

Q.18

(D)

(A) [x+yl < [X] +[y]

let x=0.1

y=09

[0.1+0.9 < [0.1] +[0.9]
1 < 0+0wrong

(B) [xy] < [x]1[y]

1 1
23420 3)
= 1<0wrong
©[2"]< 2]

X = 099[ 20.99} < 2[0.99]

[20'99] < 2°=1wrong

o)%]<1

yI |
givenx,y >1

if x>y

if x<y 5}:0 0<+— true
Ly ]

(D)

fxy)=f(x) +f(y)

= f (x) =log x

So, f (12) =24

=log, 12=24
=>12=a#& f(8) =15
= log,8=15
>8=ab=2=2

So, f (48) =log, 48 = log, 12 + log, 4
=log, 12 + log, 2
=24+2.5

=34

(B)
graph of given function actually look likethis

Clear from graph option(B) isright

Q.19

Q.20

Q.21

Q.22

Q.23

Function

{x}

09 = 14 [xp?
x_+1; -1<x<0

2
X; 0<x<1

x-1
— 1<x<2

f(x)=< 2
X2 5ox<3

5
So-on

Now check accordingly.

(B)

Leth (x) =9 (f (x))

and n (x) isonto (given)

.. Co-domain of h (x) = Range of h (x)

Range of h (x) =[O0, 2]

Range of h (x) =9 (f (x)) it means g is giving [0, 2]
which is also co- domain of g.

So, g must be onto.

Now, Domain of g =[-1, 1] which must berange of f.
But, co-domainof f =[ -1, 1]

So, f must be onto

(D)
Only condition that g(x) should satisfy for gof (x) =

xVx €[0,]] isthat g(x) should attain all valuesin [0,
1] when range of f (x) a subset of (—1, 1) isused as
image for g (x). Thus there can be infinite such
function g (x) with domain [ — 1, 1] and range [0, 1]

(D)
f(x?) = f(x3)

= f(a) = f(023) = f(0%9) =.....= (o> ") = {(0?) as
N—o0
= f(@=1f(1) = f(x) isconstant function

= f(x) is differentiable and even function

(B)

f(x) =x8 -2 +x3+ x2—=x—1= (X2 = x)(x* —x3—x?
—1)+(2x2-2x-1)

= f(@ =282-2a—1

= f(8) +f(b) +f(c) +f(d) = 2(2 + b2 + 2+ d) - 2(a
+b+c+d) -4

=2[1-2(-1)]-2(1)-4=0

21



Function

Q.24 (B) JEE-MAIN

(X =[x]) (x2+[x]2+ x[X]) ,
= (x = [X]) (<2 + [X]2 - 2X[X]) PREVIOUS YEAR’S

_ Q1 (3
= (x—[x]) Bx[x]) =0 _
=x=0o0or[x]=0o0rx=[x] f(n+1)=f(n) +1
=xeZuUl0,1) f(2) = 2f(1)
f(3) = 3f(1)
Q.25 (C) f(4) = 4f(1)
f(n) = nf(1)
f(x) is one-one
Q2 (4
=5 5
2 — X
——t f2-x)= 5452
Va3 21| 1 2 J3a 5 +
1 25 5
1.3 T 55 +25° 5 4+5
T4 f(x) +f(2-x) =1
+-5
. & J (3—J (""J 5
Now 20 20)] ot
From the graph it is clear that the equation has no- ( J
solution.
Q.26 (B) _1X19+§:7
29 1 42811 4(2%°+1)-3 3 @
2+ 2041 2% a(x) + af Gj e )
4—%—t,3<t<4
2 +1 X— —
X
N [22"2%1}
oW | Sz 4 |~ 1
g ! af(;) + af(x) = g +BX (i)
- PPl 93, 8 @) + (ii)
Smllarly 22018 1 32018 +1 32018 + 1
f(x)+f 1 =X +1
3202041 s (a+a) x )|~ X (b+B)
|:32018+1_ :|
—_ F(q) + 1 ()1(]
imilarl W=n2—1 - 1 ===
51m|ary{2 +J x+1 1 2
(22— +@F-1)+@-1)+(E-1)+(E-1) ’
=3+8+15+24+35=85 Q4 (1)

22



Q.5

Q.6

Q.7

Q.8

g( ):nmw:g
x>2(2x+3)(x-2) 7
For domain of fog (g)
x2-x-2
2x%>-x -6
= (3x+4) (x+2)=0

<1 o (x+1)° <(2x+3)°

X € (—o0, -2) u(—g,oo}

(2)

g(f(x))=f(x)

= g(X)=X, when x iseven

.. So total number of functions fromA to A
= 10°x1=10°

(3)

..... .(1'1)
1
f(a(x)) = 29(x) -
-y
=2 x——i “x-1

1
Qo) =1+ 3 1

one-one, into

(©)

Given =y = 5% f(x)
Interchanging x & y for inverse
zy= 5(log,¥) = y(|09a5)

option (1) or option (2)

Further, from givenrelation
log.y =log x

— X = glogy) = y(|095a)

~ x= y['°g i) =f(y)
option (3)

B

Domain e (—o0,—1]U[1,00)

Q.9

{x} #0s0x #integers

3)

J(9)+ 909 = Jx +I—x - domain [0, 1]
f(¥)~9(x) = J/x —I—x . domain 0, 1]
90) — f(X) = J—x —/x» domain [0, 1]

():&
9(x)
9(x

ﬂ

N

f(x): X , domain (0, 1]

So, common domainis (0, 1)

Q.10 (3)

Q.11
Q.12
Q.13
Q.14
Q.15
Q.16

Q.17
Q.18
Q.19
Q.20

Q.21
Q.22

,domain [0, 1)

13
SFPHE0=

—5x + 6=0<X
2

.. sum of roots
X, +X, = 5

(1)
[720]
(1)
(2)
(3)
[490]

(3)
(3)
(2
(4)

[26]
(2)

X

Function

23



Function

JEE-ADVANCED
PREVIOUS YEAR’'S
Q1 (A

f(x) =x2; g (x) =sinx

= gof (x) =sin x?

= gogof (x) =sin (sin x?)

(fogogof) (x) = (oin (sin x?))2= sin? (sin x?)
sin? (sin x?) = sin (sin x?)

sin(sinx?) =0, 1

Uz
g

sin x? = nx, (4n+1) g ; nel

snx?=0
X2 =nn

X=+4nn ;neW

Q.2
F:[0,3] —>[1,29
f(x) =2x®3—15x2+36x +1
f'(x) =6x>—30x + 36 =6(x?—5X + 6) = 6(x — 2)
(x=3)

in given domain function has local maxima, it is
many-one
Now at
f0)=1
x=2

x=0

f(2)=16-60+72+ 1=
29

x=3
1=163-135=28
Hasrange = [1, 29]
Hence given funytion is onto
(AB)
NOTE : Sinceafunctional mapping can't have two
images for pre-image 1/3, so thisis ambiguity in
this question perhaps the answer can be A or B or
AB or marksto all.

f(3) =54 — 135+ 108 +

Q.3

1 1 2
C0s40 = — = 2c05°20 — 1 = - = c0s°20 = 3

3 3
2

=+.]=
= €0S20 \/;
Now f(cosd@) = 2 B 1+ cos20 —14
ow f(cos40) = 2-sec?9  cos20

1

€c0s 20

1 3
:>f3—i5

24

Q.4

Q.5

Q.6

(A,B,C)

(i) (=) =-()

(i) ) =
1

(secx +tan x)

(iii) Rangeof f(x) is
(B,C,D)

so it is odd function
3(log(secx

(secx tanx + sec?x) > 0

_r
Ras f 5= —®

6 6
o =3sint— >3sint— and

11

4 4
B = 3cost—> 3cosr1§

9

T
= o>z
2

p>n
3

+B> —
:>(x[32

[19.00]
4)(

F00 + (1= 7 —

Vil 4/ 4
—+—

__y 4
4 +2 4424
4 2

+
4 +2 2+4
=1

%, f(4—10j+f(%j+....

12

41—)(
T 5
4742

o (g3



Trigonometric Function

_ EXERCISES

)

ELEMENTRY

Q.1

Q.2

Q.3

Q4

Q5

Q.6

Q.7

Q.8

(2)
sin‘l[_—‘/éj - —sin‘l[ﬁJ __r

(1)
cos Y(cos12) —sin"(sin14) = 12-14=-2.
(3)

Giventhat tantx —tanly =tan 1A

an‘l(uj —tan 1A

1+ xy
X-y
A:
Hence T+xy

(2)

COS | COS——| =C0S ~yCOY T +—
6 6

-1 T -1
= COS 7| — COSE =T —COS

(2

Obviously x=sin(6+f) and y=sin(6-p)

S+ xy=1+sin(©+p)sin(®-p)

:1+sin26—sin2[3:sin26+cosz[3

) tan~1 co_sx ~tan-L sin(t/2-x)
1+sinx 1+cos(n/2-X)

_tan-L 2sin(rn/4—-x/2)cos(n/4—-x/2)

Zcosz(n/4—x/2)

Let tan12=0 = tana =2
and cot 13=p= cotp=3
sec? (tan’l 2)+ cosec? (cot’1 3)
= sec? o + cosec®o =1+ tan? o + 1+ cotZ o
=2+(2%+(32%=15
(1)
3

Given, tan_l X= Sin_l{ﬁ}
— X= tan{sin‘l{%}}z tan {tan""3}

T
CoS—=m—-—="+

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

(::;) x=3.
ofg ol {2

= coscos * 1—E =1
4 2
(2)

cot 13+ cosec 14/5 = cot 13+ cot 12

= cot‘l(3>< 2_1) —cot i) =2
3+2 4

= cot‘l(3>< 2_1) —cot i) =2
3+2 4

(1)
] 5n . _1/cosbn | mw
COS ™| COS— |+SiN"" | —— |=—
3 3 2
(- sin’1x+cos’1x=£)_
2
(4)

sin_l{ﬁ:l - sin‘l[ﬂ =60° —30° =30°

11

12 3

ten| tan L 2 —tan 11| _ tan| tan 1
2 3 1+6

( -1 1 .1 1 1 1) (Tl', 1 1)
COs| COS "—+8N "—+C0S "—| =C0S| —+COS "—
5 5 5 2 5

:—sin(cos‘ll):—sin snt /ﬁ :_ﬁ
5 25 5

(1)

- ol - a1
sntx+sint=4costx+cos =
X X

-{sin"}(x) + cos1(x)} + {9”_1(9 " Cos_l(lj}

X
25



Trigonometric Function

Q.16

Q.17

Q.18

Q.19

Q.20

26

and tan‘lx + cot‘lx =%

(1)

Let COSilX =0. Then X = COsO

1 1-x2
wne=st29—1=M;§—1= X

1-x2

Q.22

o tan (cos‘1 X)=tan6 =

(4)

= tan{tan‘lg— tan‘l(l)} —tantan 12 |- _L

(2)
Let x = tan20 = 0 = tan T 4/x

lcos_l(—l_ X)
Now, 2 1+x

1 _1[1—tan26J
=008 | ————
2 1+tan< 0
= %cos’l C0s20 = 2—29 —9=tan! \/;

(2)
sin(4tan‘1ij = sin{Ztan‘l( 2/3 H
3 1-(1/9)

= sin{Ztan1 ﬂ = sinsinl(mj

Q.23

Q.24

1+ (9/16)
_3.,16_24
225 25
( 2tan 1 x =sin‘1izj
1+x

Q.21

(2)
sin Ztm_l(l) +cos[tan‘1(2\/§)]
3

= sin{tan‘l %} + cos[tan‘l(Z\/E)]

=sin[tan 13/ 4] + cos[tan* 2\/5]

_s,1 14

5 3 15°
(4)
sin‘lzx:sin‘lx—sin‘lg

sin‘lzx:sin‘l[x (1—%) —% 1—x2J
ZX:E%—gﬁJ

3(1-x?) ox?
4 4
1 1
=3-3x2=0x?=> x> ===x=%>.
4 2

(1)

[ 4(3 4 [ _1(75—41"
=9n{ sn ————r | =9N 9N —_—
5 125 125 J |

.47 n
=gnsn"— |=—
125| 125

(3)

tan’1(1+ X) + tan’l(l— X) = %

o tan 1+ x) = % ~tan}(1-x)
-1 |

= tan ~(1+x)=cot” " (1-x)

= tan 11+ x) = tan‘l(i)
1-x



= 1+x:i:>l—x2=1:>x:0
1-X
(3

X+Yy= tan 133

Q.25

>y= tan133-tan 13

an 1373 _tan
1+99

130 -1
100= Y= tan™(0.3)

=t

Q.26 (3)

The given equation may be written as

_ _ _ 2n
tan " x +cot Tx + cot Tx ==

] 2 © 0T
— cot x=?—5:g:>)(=\/§.
(2)

Q.27

a1

75

Hence given equation can be written as

cott i cos
: 2

11 b
X+COSl—=— =i

52 7YX

snt

Q.28 (2
tan1(x) + tan "2 (y) + tan X(2) =
= tan’1x+tan’ly:n—tan’12

= X+y =-Z=>X+Yy=-Z+XyZ
1-xy

= X+Yy+Z=Xyz
Dividing by xyz, we get
i+i+i:1'

yz Xz Xy

Note: Students should remember this question as a
formula.

(3)

cos

Q.29

Ix+cost2x)=-n

= cos 12x = - —cos1x

= 2X = cos(T + cos ™t X)

= 2X= COSTE(COSCOS_]' X)—sinns n(cos_l X)

2X=-X=x=0
But x = 0 does not satisfy the given equation.
No solution will exist.

_ L 11n
Q.30 (1) Given equation is 2cos 1x+sin 1X=?

1 1

_ _ ] 1in
= COS ~ X+ (Ccos "X +sin x)=?

Trigonometric Function

COS_1X+£—&
- 26

= cos Ix=4n/3

which is not possible as cos™ x €[0, 7] -
JEE-MAIN

OBJECTIVE QUESTIONS
Q1 (9
Given = 60° + 45° = 105°
Qz (4
soo-l<x<1 L Q)
xeR L. 2
X <-lorx=>1 ... 3

By ()n (2 (3

= xe{-11
Q3 (3
Domain of f(x) is x e { -1, 1}
T T Y
f(—l) = _E—Z+ﬂ?=z
T T 3n
f() = S+ +0=""
Q4 (2
cos [tan*{sin (cot*,/3)}] =y
L T 211
= cos [tan™ (sin E)] = cos [tan 2}
= P
= cos 5|=V5
Q5 (1)
Z cost 0;=0
i=1

cos™ a, + Cos™ a, +......+ COST o

S0, cos™ a, isaways positive

So, in order to have their sum 0 all should be equal to
0

-1
0

cos' a, =cos' o, =...=costa =0
= cos'a,=0= a, =1
cos'a,=0= a,=1

cos'a =0=

m

i=1 27



Trigonometric Function

Q.6

Q.7

Q.8
Q.9

Q.10

28

2

LN

n i
— <cot - = n< —
T 6 \/gn

= n< = n=5

(4)

cosec (cosx) is define if

3 x3.14

cosx 21 orcosx <-1
= COX=*1= X=nxn

(4 Q.12
n<X<2mCoStcosx =2m —X

(1)
1cos‘l !
y = CO0S 5 [gj

Let cos*11 =0 :>cose—1
: 8 "8

cosg _ [1+cos6 Q13
2 2
1+%
coSs 5= >
9.3
~ V16 4
costf L Q.14
8 3
& Ccos - =cCcos| ———= |=—
2 4
(4)
y =sin?t [cos{cos? (cos x) + sin™! (sin X)}]
. L b
givenx e (E:“j = £ <X<m
M
Now cos® (cos X) = X S Q.15
0 T
T—X

sint (sinx) =n —X 2 O L NT

S0,y =sin? [cos{X + T —X}]

y=sin?(cosn) = snt(-1l) = —g

(4)
Xx>0,0=sinx +cos?x —tan? x
J J

[-1,1] [-11] xeR
butx > 0so, x € [0, 1]

T
- _ ~1
0 5 tan? x

T Y

RO: |:e|x=l’e|x:0j| = ZSOSE
(2

Tam] Tam] n 1 1 n

sm*x+sm*y:§—cos X — COS™ y+§
2n

=n —(cos'x + costy) :?

= cos'x+costy=

(2)

sin? x —cos® x = cos™*

2
V3
2

|$| wl|a

T
— —2cos? x = cos™? —
2 6

T
= COS'Xx=—
6

(2)

-1 -1 l T
sin™ X + cot 2 —E

1

T
= sin'x+cost! = = <
J5 T2

. T
. sm-19+c05*19=§

3
H- | _gnt = =
sint (1) —sin \/;
:>sin‘1\/§—£—£—
X 2 6

ol a

wla



Q.16

Q.17

Q.18

(2)

1
By property if x <0, tan™ X cottx—m

1 T
tan x + tan™? ; =tan!x+cotix—m= 5

—T

1
= tan—1x+tan-1; =-

e

Lete—sin-1§ = sine—g
B 5 5

a3
2

wlN

SO y=tan {tan‘l( +tan l@ﬂ

y=tw{mn(i%+mﬂmn{§ﬁ
1t tan 3 | tan{ 1an 1 2

3,2
_ 4 3 9+8 _ 17
Y=1327°76 "6
43
(3)
E+ 1cos’lx I_ cos ' x
tan ) + tan 2 >

Let cost!x=0 = x=cos0

r. 9 r_%

L Y I T
2 2

l+tan9 + 1—tan9

2 2

1—tan2 Q
2

=

Trigonometric Function

20
2(sec ZJ 5

= - =
29 cos? ¥ _sin? &
(1 tan 2) ( 5 5

L2z
cosO X

(3)

a+b
—1 -1 h = -1
tanta+tantb=mx+tan [1—abj

if ab>1,a>0,b>0

(1)
1 1 T
-1 — 4 o R 1= —
tan® 2 +tan? o =tan 2
(4)
LEr1-1] g
tan X T 450

s
putx=tan6 = 0=tan’x,0 e [_E’E]

o [|sec@|—1] _n

tan® 450
(but sec 0 is +ve for [— gj)

. 1-cos6 I
an sin® ) = 450

0 T
-1 | tan— | =
tan ( 2) T 450

N a

—+

V1-sinx ++/1+sinx J

= cot™
y (Jl—sinx—\/1+sinx

. T
given §<X<n

29



Trigonometric Function

. X X . X X
sin— —cos— |+ sm+cosz‘
y = cot™?
X X . X X
sin— —cos— |—|sin—+cos—
2 2 2 2
NoO f T << I < X < T
> Nowif - <x<n=> — <<
2 4 2 2

. X X . .
Now sm§> cosE so0, modulus will open directly

. X
2sin—

-1 | —tan X
= cot 2

_ apran X g EX
y =t — cot™(tan E) = m—cot*cot| 575

y =cot? | —
2cos—
2

o, Xx_r X
A A T

Q.23 (2)

y:tan-l( J,Osxsl

putx=cos6 = 0=cos'x0 e [0, x|

. [izcosb) 0
y =tan 1+ cos0 =tan tanE

heregiven,0<x<1
O0<cos6<1

1+x

0<0< =
2

comesin PVR of 8 = cos® x

Q.24 (1)

30

Q.25

Q.26

tanl
1 ................

mlin
4 2

tanl>tant1

(3)

tan (1 + x) + tan (1 —x) = g

1+x+1-X oL
e N N )
1-(1-x%) 2

2
X—2=oo:>X2=0
=x=0
(3)

1 1
@ | oxrq) T gxiq) T G2

1 1

2x+1  Ax+1 2

tant | —X =tan? 5
X

- (2x +1)(4x +1)

4x +1+2x+1 i
(2x+)(4x+1) -1 ~ x2

6X + 2
(8x2+6x)
= 6x3-14x2-12x=0
= X(6x?—14x-12) =0
x=0,6x>-14x-12=0

2
=2z = 6x3 + 2x% = 16x2 + 12x



Q.31

13+7
= tan™ 90 (Accepted)

X =-3/2
-1 _—1 1 __1
tan > + tan 5
_6 .
= tant 9 (Rejected)
So, 2 solutions
Q.27 (2
cost E + cost S
5 13
3.5 4 12 33
=cos? |~ 32
= cos* (5 3 5 lSj—cos*( 65) Q
Q.28 (2)
1 . (_3sin26 p
2 M (5+4c0s20) T 4
3sin20
5+4c0s20
6tan0 _
tan20+9
= ta’0-6tan0+9=0
= (tan06-3)2=0
tan® =3
Q.29 (4)
nl(ZXﬂl—ij Q.33
2 sin! x if x|< L
X<
=| n-2sintx if % x<1
—(n+2$in’1x) if —1<x<-— \/%
2sinix =sin? (2x V1-x* ) istruefor x| < 1
V2
Q.30 (3)
x* / 2 x2 X
cosi{—+ 1-x 1-— = cos?! — — cosix
2 4 2
The above holds iff Q.34
X
1>x>0&1 25>o
0<x<1&0<x<
a)
0<x<1

Trigonometric Function

(3)
cos®\p +cost [1-p +cos? J1-q = %

3
cos*(/p \1-p —/1-p 4fp )+cos*\1-q :Tn

3n

10+ 1 — = —

cost 0 + cos? ,/1 q 2
cost J1-q = T = 1-0g= 1
d 4 g 2

1
= = 0,0<p <1& 0<1-p <1
0<p<l& 0<1-p<1
-1<—p<0= 0<p<1
2

5] )
sin 5 + COsec™ 4 —E
X 4 T
w5 [£)-

sin™? {g X

3x , 4425-x
25 25

-6x+9=0 = (x-3)?=0
= x=3

(1)
sint x +sin? (1-Xx) =cos? x
(sin? x +sin? (1-x)) = cos* x

St (X 41— (1-X)? +(1X) Vi-x2)

— -1
=sint J1_ y2

Xyf2x-x? = 1-x® A-1+%)
X(2x=x) = (1=-x?)x*=0
2x°-x*=0

X2 (2x=1)=0

=1

:0'—
= X 5

Both accepted.
(2)

. . s
sint (1-x)-2sintx = 5
—2sint x =cos* (1-x)
1-2x2=1-x

1
22-x=0=>x=0, £y

31



Trigonometric Function

check: x=0

T
L.H.S. - -
S =5 0
I
=—-=RH
5 S
o1
S 2
T T I .
5 3 :>—E = S0 rejected

JEE-ADVANCED

OBJECTIVE QUESTIONS
Q1 (O
[cottX] + [costx] = 0
(O, m) [0, w]
I I
v v vy v v v
O 1 2 3 0 1 2 3

Q.2

Q.3

Q.4

32

so, O<cot?x<1 & O0O<cos'x<l1
cotl<x<wo & cosl<x<1

\\l

cosl cotl 1

so, X e (cot 1, 1]

(A)
([cot™x] =3)?< 0 = [cot™x] =

= 3<cot?x<4 = 3<cot'x<n<4

= —o<X<cot3
(A)
u=cot? \tano —tan? \/tan a

u

r. = =2
then, tan 2 2

T
u= E —2tan? (Jtano )
Now tan (E—Ej:tan [%—%+tan1\/tanocj

4 2

= tano
(D)
X +ax+ o =0
2
D>0
T
—4x —x1>
& ><2>< 0
&X-2n>0

Q.5

a>+ [on

-2r1uly2r, ®)
(A)

a b
(52 s (222 r =0

a b
+

tant b+c c+a
an . ab

(b+c)(c+a)

a’+b’=c

ac +a+b? +bc
—1
tan bc +ab+c? —ab +ac

c(a+b+c) T
=S et Yo D
c(a+b+c) 4

JEE-ADVANCED
MCQ/COMPREHENSION/COLUMN MATCHING

Q.1

Q.2

(C,D)

X2—x—-2>0

o satisfies it

= o®—-a-2>0
(0 —1)2-3>0

= (a—-1)>30r a—-1<-3
a>40r a<-2

so C & D are correct.

(B,C)

Given: o =2tant (42 —1)

Ne—

p=3sin? ﬁ +sin? (—E

1
— 1| —
y = cos® (Sj

o =2x225% =45

_i _T 7T 050
B= =1, =105

1
y = cos?t (gj = cos? (0.33)

l_'_l

S0, Y>a B>y



Q.3

Q.4

(AB)

3
sinx + sinly + sinlz = 775
= x=y=z=1

9

— %100 4 /100 4 100 _ =0
y X101 y101 4 7101

(B, C, D)

L cos?cog - 24" L costcod 24T
cos| 5 5 = cos| 5 5

Q.5

Q.6

Q.7

Q.8

*+ €0S O = cos (— 0)

1f14m_
= Cos 2l 5

14
Znﬂ since 57r e (2n, 3n)

728
3
N
Y
>
N
|
o
>
+
|l—‘
\I
N——
1
|2

GLRER!
4
N

D)

sintx>cos'x= g—sjn—lx
. T 1
> = - <
= 8in >43x> \Ealso x|<1
= Xe€ T’
2

(A,C)
f(x) = sin! x + cosx

Now f(x) will be equal to g iff arg lie biw —1 to 1

(A,CD)

o1
cosec™ x = sin ~ [x]>1

Q.9

Q.10

Q.11

Trigonometric Function

(A,B,C)
/ 2
tart V17X gnce0<x <1
1+x
R sin® L -
= tan 1+ cos0 (let cosrx—60<9<5)
6 06 T
— tan v..% _lo—
—tanltan2 5 e( 4j
06 1
= — = — 1
> 2cos*x (D)

alsocose=2co§9—1

2
0 1+x
cos 5 = W/T (taking cos® on both side)

0 1+x 0 0
1 - = 1 E— 1 —
COS™ Cos = 2 = COos- 2 since 2 S d

0 1+x
5 =cost {5 |2

=
smilaly sin 2 = 12X
yShs =y
sintsin — = 2 =sin? —1_X
T2 2

e

0 1+ X

A A
dso - =tart [T (4
(A,B.C)

(3 12 a

tan | —|+tan | = || = —

o )3 -5
tan tan‘l(zjj = a
6 b

a 17 _

B —g:a—b—ll

= a+b=23

= 3b=36=18=a+11
(A,D)

0 an
—
D, tan n*-2n%+2
n=1

k

E‘T; {tan‘l(n +1f —tan*(n - 1)2}

k

lim {tan’l(k +1f +tank? —tan*1- tan’lo}

3

33



Trigonometric Function

Q.12

Q.13

Q.14

Q.15

34

T MW 3
:—+————0=—
2 2 4 4

. . . 3+2
Also tan2 +tan3=n +tan™ | 7735
Sincexy =6>1
_3n
T4
and sec’l(—ﬁ)z%
(B,C)

2x =tan (2tan™ a) + 2tan(tan™ a + tan™ &)
2x =tan(tan™ a + tan™*a) + 2 tan (tan™ a + tan'a®)

2a a+a3

= +2
1-a%  “(@1-a?)(1+a?)

2X

a a
= +
1-a? ~ (1-a%)
X —-x+2a=0
&ax-1&1
(B,D)

X
(A)isvalid
(D) isvalid

6sint (xz —6x+%j =7

sim? (x2—6x+£] =z
2 6
x?—6x + 1 =0
2 2
Xx=24
(AC)

-1 -1
Givena=sn* (\/Ej + cos? [7}

azs_ZE 4. _F_5%
T2 TTT3T
b=———n+g:—n

17n T
a b—ﬁ&a b———2
(A, C)

costx =tan'x = x € (0, 1]

1-x?

tan™ =tan?x

Q.16
Q.17
Q.18

Sol.17 Letsintx=0,thenx =sin0 and —

taking tan on both side /1 _ x2 =x?
=> 1-x*=x* =>x*+x*-1=0

—1++5 . . . .
X2 = T\/_ since X2 is +ve avoid negative result

sin(cos® x) =sin(sin® \[1_y2 )= J1_x2 =x?

2

J5-1
2
Comprehension # 1 (Q. No. 16 to 18)
(D)
(@)
(D)

Letcostx=0,thenx=cosDand0<0<~n
sint {1-x? =sin? (sin 0)

0 if o<o<X
2

tan(cos® x) = tan (tan? x) = x #

-0 if T<p<n
2

0<x<1
-1<x<0

costx if
n—costx if
costx=sin? y1-x? if 0<x<1 istrue

<9<E
-2

N

cos?t \J[1_x2 =cos? (cos 6)

| a

-0, ——<06<0
_ 2
0 , 0<o<t
2
—sin'x , -1<x<0
T |sintx , 0<x<1

sintx =cos?t 41—-x2 if 0<x<1listrue

Sol.18 Letcos'x=0,thenx=cos®and0<O6<n

1-x?
X

tan™ =tan? (tan 0)



Q.19
Q.20
Q.21

Sol.19

Sol.20

Sol.21

Q.22

6 , 0<0<Z
- 2
0-n , T<o<n
2
costx , O0<x<1
T |-m+costx , —1<x<0
1-x2

i.e cos?®x =m + tan™

,—1<x<O0is
X

correct.

Comprehension # 2 (Q. No. 19 to 21)
(A)
©

(B)
Q.23
simlx< %

. 3rn
X>S|nT

1
1>x> \/7

1
X e (f ’ 1:|
sin® (=1) + cosec! (-1)

_3m, 3n_
—2+2—3n

If -1<x<1
then-1<—x<1

So 37? <tan(-x) < %

(A) = ®), (B) > (5), (©)—>(®), (D)~ (p)

(A) Given expression= 2sinx — %maxi mum at
Q.24

2
Y
(B)Given expression = t° +(E—tj , t=sntx

1

W

- n _
minimum at t:Z = X=

(C) Similar to (B)
(D) Given expression = (sin-1x)® + (cos ! x)® =

AN iy [ Zosintx |LE
> —3sintx > >

3n 3n? n®
= —(8n'X)?— ——sin'x + —
2 ( ) 4 8

This is quadratic in sin"ix. Therefore it will give

Trigonometric Function

. . T
maximum value when sm—lx:—E = x=-1

L et the domain and range of inverse circular functions
are defined as follows Domain Range

snix [-1, 1] {23_“} cosx [1, 1] [0, n] tanx R
2’ 2

53]
2" 2

n 31
cot™x R (0, ) cosecx (—wo, =1] U [1, ) [? 7}

—{n}

secx(—o0, —1] U [1, ) [0, nt] — {E}

2
(A) = (p). (B) = (), (C) — (r) (D) > (9)
3,2
_ 4 3 _17
(A) GE. = 1_§7_ 5
43
> 1
‘5
1
25 =7
(B) GE. AT
5
1+1_i'1
25
1+%
(©GE=|— =
(D) GE. =costan™ §= g

EA)) = (p,a, 1, 9); (B) = (p); (C) » (PFR,S); (D) —»
Y

2
(A) f(x) = sin™? [|sinx—1|+|sinx+1|

For al values of x
| sinx — 1| will open negative
[sin x + 1] is positive

f(x) = sint (1)

soPQ,R. S

(B) f(x) = cos (jx — 1| - |x - 2])
In(—0,1] —XxX+1+x-2=-1
cost(-1)=n

r
2

35



Trigonometric Function

(1, 2) not in domain.
[2,0) cost[1] =0
So,Ans. P

T

(C) f(x) = sint .

sintx-=2
2

sintx+ X
2

Domain |x| <1

Ans.PR,S

(D) f(x) = cos (cos |x|)

+sin (sin x) — cosec! (cosec x) + cosec! |x|
domain of f(x)

Ix[=1

x=x1

NUMERICAL VALUE BASED

Q.1

36

(30)
Casel x>0
Let cottx=0
is
0, =
Oe( 2}
= X =cot 6
1
sino =
V1+x2
1
= sintsn®=sn?
1+ x?
1
0 =sn*
= x/1+x2
Case-l|
x<0
Let cottx=0
A
0e >’
= cot 0 =X
1
. sSnod=
x/1+x2
1
sintsin® =sn?
= V1+x2
1
—0=sn?
= T x/1+x2
1
O=n—-sin? [
= T x/1+x2

Therefore

LHS
cos tan? sin sin"!——~ Jif x>0
1+x2
= -1
cos tant sin[n—sin‘1 ] if x<Q — costan
1+x
1 1

sinsin™® ; X e R=costan?
V1+x? < 1+x°?
1
Let = tan?
o \/1+x2
1 0~
Asme(o,l] ode "2

1 _ 1+x°?

Q.2 (54)
2v1-x? 1-x? 1
1 _ 1 _
Sec tan 2x = sec tan X = ;
1 \/1 x?
X
10
1
Zf(—j=2+3+ ....... +10 = 54
r=2 r
Q.3 (20)

Given equation is |cos X| = sin™ (sin X)
—-T<X<T®

y =sin™ sinx

y = |cos x|

Number of solution = 2



KVPY
PREVIOUS YEAR'S
Q1 (A
JEE-MAIN
PREVIOUS YEAR'S
Q1 (1)
= COSeC (tan'l [%) + tant (é) + tant (§jJ
35, (3
 cose [tan (12] + tan [4]}
65
56
33
56
_ tan’t| =
= cosectan[ an (33]}
_ &
~ 56
Q2 (1)
Letsin‘lgze :>sin6:i
//|\/&
q
1
1 _
lgn—l@ o cos2
a4~ g ) =tan (Zj_ sin?
1 1+ cos6 1_§
2 4 1
= \/1—(:039 = ﬂ =7
2 4
Q3 (3

Letsinix=a\, costx=Db), tanly=ch

Q4

Q.5

Q.6

Trigonometric Function

T
= (@+bi=
T
= atp-2

T

Now Cos[a+ b] = cos(2\c) = cos(2tanly)

(3)

tan_l( a+b j _T
1-ab) 4
= atb=1-ab

= (1+a)(1+b)=2

N, a+b (a2+b2]+{a3+b3j .
OW - e
! 2 3

=/n(1+a)+/n(1+b)=¢n(1+a)(1+b) = /n2
01.00

tan(lim Zn:[tan’l(r+1) - tanl(r)]j
X—>00 -1
= tan (Iim [tan‘l(n+1) —tan™" %D

(3

(3
k - 6r

S, = Ztan ! [zzm LR ]
r=1

Divide by 3*

37



Trigonometric Function

Q.7

38

o (2]
).

Q.8

(
g5 (3)
o (e (3]

k+1
S, = Lm(tan‘l (ij—tan‘l @j J Q.9

3)
an 1 ant® _gntx

5 5
2 2
sint %,/1—16)( XX ginix
5 25 5 25
2 2
3X g 16xT Ax g
5 25 5 25

x = 0, 3y25-16X2 +4v/25—9x2 =25

A\ 25-9x? =25-3\25-16x? Squaringwe get

16(25-9x2)
= 625+9(25-16x2)—-150 /25 _16x2

400 = 625 + 225 —150 /25_16x>2 Q.10

25-16x° =3=25—16x2=9
=x2=1

Putx =0, 1,—1intheorigina equation
We seethat al values satisfy the origina equation.
Number of solution=3

(1)
Cot™(a) = cot™*(2) + cot™(8) + cot?(18)+.....

2

= %tan‘l(ﬁj

n=1

B im}:tanl( (2n+1) - (2n -1) ]
e, 1+ (2n+1)(2n -1)

=Y tan"(2n 1) tan”(2n 1)

=tan? 201 —tan?1
= tan™ @
202

202
= cot(a) = cot™ | 200
a=1.01

1)

tan(x + 1) + cot? ( ! j= tant 2
x-1 31
Taking tangent both sides :-
x+)+(x-1) 8
1-(x2-1) 31
2X 8
2% 31
=4x*+31x-8=0

1
:_8,—
= X 4

But, if x =

tan " (x+1) e (O, Ej

1 T
cot™ el =,
& [x—lj [2 j

T T
= LHS> 5 & RHS< 5 (Not possible)

Hence, x =—8

2

Given equation

sint {xz + l} +cost [xz - E} =x?
3 3



Q.11
Q.12

Q.13

Q.14
Q.15
Q.16
Q.17

Q.18

- 1
Now, sin 1[x2+;} is defined if

-

1 -4 5
“1<x?+=<2 —<x*<=
3°°7 3 3
5
- |0<x® <3 (1)

. 2
and CoS 1[x2 —5} is defined if

—13x2—§<2 — _—1£x2<§

3
8
- OSX2<§ (2
So, form (1) and (2) we can conclude
0<x? <2
3

Case- | if Osx2<§

sint (0) + cos*(-1) = x2
= X+n=X
=X2=m

2
& Ol_
but [ 3j

= Novalueof ‘x’
2 , 5
S if =<x <=
Case- |l if 3 3

sint (1) + cos}(0) = x?
n+n 2

= — —_=
2 2

=>X2=7

- F §j

but 3 ) 3
= Novaueof ‘X’
So, number of solutions of the equation is zero.

(4)

(2)

(3)

cos? (cos (-5)) + sint (sin (6)) — tan™ (tan (12))

= (2n —-5) + (6 — 2n) — (12 — 4n)

=4 — 11.

(3)

(4)

(2)

(3)

(3)

Trigonometric Function

JEE-ADVANCED
PREVIOUS YEAR'S

Q.1

Q.2

Q.3
Sol.

o 3 )
o ) )

65
56
33

= cosectan| tan™ [ﬁj
33

65

T 56
(1)

Letsin—l—63 =0 :>sin9=—63
8 8
0

//|\/&
q
1
1- cos—

tan[ism_lgl =tan (9) = —92

4 4 sin—
2

1 1+ cos0O
2

= \/1—0039 :ﬁ =
2 4

1-3
4

S

©)

Letsinix = ak, costx = b, tarly =ch
s

= @+r= -

39



Trigonometric Function

Q.4

Q.5

Q.6

40

T
= a+b-2

= atb=1-ab

=/n(1+a)+/n(1+b)=(n(1+a)(1+b)=(n2
(01.00)

tan(lim Zn:[tan’l(r+1) - tanl(r)]J
X2
= tan (Iim(tanl(n+1) —tan™ %D

()

(3)
k o 61'

S, =) tan SEnT et
r=1

Divideby 3*

Q.7

e
%\
Wl

=1 142
3

L2

k
1 3
Ztan S
=t 1+t
3

(im0 (3
$ (2] - (2]
s -t (2)-en(2)”

13X . 44x . _
sn > +sin == =sintx

5 5
2 2
sint §,/1—16X 23X iy
5 25 5 25

_16x°

X = 0, 3Y25-16x2 +4425-9x% =25

4 25-9x? =25-3/25-16x2 Squaringwe get

16(25-9x2)
= 625+9(25-16x2)—150 /25 _ 16x2

400 = 625 + 225 — 150 /25_16x2

25_-16x2 =3=25—-16x2=9

=>x2=1

Putx =0, 1,—1lintheoriginal equation

We seethat all values satisfy the original equation.
Number of solution=3



Q.8

Q.9

Q.10

1)
Cot?(a) = cot™(2) + cot™(8) + cot(18)+.....

2

= ftan’l (HJ

n=1

_ %tan‘l[ (2n+1)—(2n-1) j
- 1+(2n+1(2n-1)

=Y tan"(2n 1) tan'(2n 1)

=tan? 201 —tan1
= tan™ @
202
202
- cot?(a) = cot™ | 200

o =101
)

! =tan’1§
-1 31

Taking tangent both sides :-
(Xx+D+(x-1) 8
1-(x*-1) 31
2X 8
~2-x2 31
= 4x*+31x-8=0

tanl(x + 1) + cot™? (x

1
=-8, —
= X 4

But, if x =

1 i
tan"(x+1) e (OEJ

1 T
cot™ =,
& (x—1]6(2’q

LHS z RHS z
= >2& <2

(Not possible)

Hence, x =—8

)
Given equation

sin! [xz + 1} +cost [xz _E} =x2
3 3

- 1
Now, sin 1[x2 +;} is defined if

Q.11
Q.12
Q.13

Q.14
Q.15
Q.16
Q.17
Q.18

Trigonometric Function

1 -4 5
“1<x?+=<2 —<x?<=
3°° 7 3 3

5
=3 03X2<§ (1)

) 2
and Cos 1[x2 —ﬂ is defined if

—13x2—§<2 — %1£x2<§

8
= 0S><2<§ (2

So, form (1) and (2) we can conclude

0£x2<§
3

Case- | if Osx2<§

sin? (0) + cos}(-1) = x?
=>X+n=X%X°
=X2=7

2
% 0!_
but [ 3j

= Novaueof ‘X’

2 5
Case- Il if =<x*<—

3 3
sint (1) + cos*(0) = x?
TLT_ e
~272
=X2=7
ut 3’3

= Novaueof ‘X’

So, number of solutions of the equation is zero.

4
(2)
(3)

cos? (cos (-5)) + sin? (sin (6)) — tan™? (tan (12))

= (2n —5) + (6 — 2n) — (12 — 4n)
=4 - 11

(©)

(4)

(2)

(3)

(3)

41



Limit of Function

| EXERCISES |

ELEMENTRY

3
Q1 (4 :Iim[.ij x limcosx x lim (1+ cosx) = 2
x—>0\SINX x—0 x—0
Since lim |Ll:—l and lim m:], hencelimit Q.8 (4)
X—=0- X x—0+ X
does not exist. Cx(E =D . 2x(e*-1)
lim =I|m—X
Q.2 (1) x>0 1—COSX x—0 4.Sin25
lim (x-[n]) = limx —lim[n]l=n-n=0
X—>n+0 X=>n+0  y_sn40 '
2 (g -1)
Q3 () :znng% eTl _2
X—> )
sin“ =
lim J09lx =D+ _ 2
/:Ti AX_IlLH ital’s rul o @
iter : -Hospital’s rule,
PRy » 2sin4xcos2x . sin4x X ) cos2X
m _—=||m4 - =4
x>0 28iNXC0S4X x>0 4x SinX/ cos4x
1
im 199X _jimX _1 2sin2x _65sin6x
x-»>1X—=1 x-11 lim 2x 6x :2+6:4
Aliter © x50 5sinbx  3s8n3x  5-3
Q4 (2 5x 3x
i x"-2" o Q.10 (1)
X'H} X—2 =n. Expand log(1 + x) and then solve.
. Aliter : Apply L-Hospital’s rule,
= n2"" =80
=n=5 ”m[x—log(ljtx)}
Q5 (1) x—0 )(2
.5 . 2 1 2
im X250 jim( S tim s~ 0, e —im A L)L
X—0 X x—=0\ X x—0 :)I(T?) > x=0 2\1+ X 2
0.6 (3) Q11 (2
Apply L-Hospital‘srule,
lim kx cosecx = lim x cosec kx PPl ¥
x—0 x—0 : :
Iim\/lJrsmx—\/l—smx
ok lim =X = Ly KX X0 X
x—=0 sinX K x—0 sinkx
. COSX COSX 11
=lim — + —=—+_—=1
k=tok=x11 x>0 2\[1+snx  2J1-sinx 2 2
” +1.
Q.12 (1)
Q7 ,
im x3 cot x i [ x3cotx X1+cosx\ o losing L (COSE_SmEj o
x—0 1—cosX x—>ok1—cosx 1+ cosx 0>m/2 COSO  0-m/2 6 . 6 o . 0)
cosi—sn— cosE+smE
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Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

(1)

Apply the L-Hospital*s rule, | m L) _ i L0
PPy ¥ Rgx) ag ()

(3)

— [a“sina] = 2asina+ a“ cosa.

da

Aliter : Apply L-Hospital’s rule,

@t h)?sin(a+h)-a?sina
h—0 h

lim 2(a+h)sin(a+h) + (a+h)?cos(a+ h)
h—0 1

=2asina+a’cos a

Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

(2).
X—3 i (x—3){\/x—2+\/4—x}
Im =
x_,g \/f_\/f x—3 2(x-3)
Aliter : Apply L-Hospital’s rule.
(/2 — secx) cosx (1+ cot x)
@ 7, cot x[2—sec? X]
1
2
lim  SNX(L+cotx) ﬁ() 1
T xonld (W2+secx) 2442 2
Aliter : Apply L-Hospital’s rule.
(4)
. /3(1-cos2x) |sinx |
lim =lim
x—0 X x—0 X
So, lim Isnx] =land lim —— Isinx| =-1
x—>0+ X x—>0- X
Hence limit does not exist.
(1)
1)* 1 mx%
Let y= Iim[l+—j = Iim[l+—j
X—>© mx X—>0 mx
( 1)* )
Ly [ fim(12] e
(1)
3
lim 2 _8, (gform)
X—2 )( -4 0

Limit of Function

Applying L-Hospital’s rule, we get

[im —=1lim
2% 2
(gform]
x—3 X—3 "\0

x=2 2X  x—>2
Applying L-Hospital’s rule, we get

3x2 3><2><2_
(4)
3_y2_
Lety:Iim—X x 18
y=lim3x?-2x=(27-6) =21
X—3

(1)
2+§+i
X% 4+3x+4 X x2 2
lim = lim -z
x>w 3 4+3x+4 xon g 3 4 3
2
X X
(3)
3X/2 3\\ Iy ( 3)(/2_3 \
x—>2 3 J x—>2k(3X/2)2_32J
T
_x—>23X/2 3 6
(1)
n_ n
lim 109X X1 _ i fogx” o X
X—>0 [X] x—>w  [X] x—»[X] :
(3)
lim log(3+ x) —log(3—x) k
x—0 X
1 1
By L-Hospital'srule, lim3*X _3=X _j _
x—0 1
2
3
(3)
Using L-Hospita's rule,
lim————=1

9T —COSEC 29 .
2

(1)

. 1-n?
lim

n—o zn

_ r!!ll (11_ n)(1+ n) — lim 2(1— n)

=n(n+1 n—o N
,N(n+1)
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Limit of Function

— fim n
= lim 2(1—1j =2(0-1) =-2. = 50 (h+[-h +[h])
n—oo \N —0-1+0=-1

RH.L. :Xfiql (1-x+[x-1]+[1-x])

Q.27 (4)
m 0%+ X) (9 form) = (M (1 (1+h)+[1+h-1] +[1—(1+h)]
x>0 3¥_1 ' 0
Using L-Hospital’s rule, = M (—h+[h] + [-h])
=0+0-1=-1
1 LHL. =RH.L.=—-1
||m X1+X :I 13=|0936. Soél_rg (1_X+[X_1]+[1_X]) =-1
X—>03 |Oge3 Oge Q3 (4)
Q.28 (3)

im s [ X _1
Yoo SECT [x+1j Put x = y

X+b X+b
. X+a . a-b
Ilm( ) = I|m[1+—)
x—>o\ X+ b X—>® X+b

. 1 .
= ylino sec? (y+l] = ylino cost(y+1) &y=0"
x+b a-b
. a—-b)ab - : -
=lim (1+m)a =P y"jyﬁ cos? (y+1):h'£“0 cos? (1+h) = Not possble
so, Limit does not exists.
Q29 (2 Q4 (3
i T @900 ~9(@)] - g@If () ~f ()] | NG
lim t| —+X
x—a [x—2a] x—0 1° ( j

=f(ag'(@-g@)f (@) =2x2-(-H(@D) =5.
. >(Iii)no cosec x [cot[%xj—lj

Q.30 (2 e

Iim{ 12+ 22+ ..... + nz} lim coseCX[ i —1]

n>o[1-n? 1-n 1-n -0 tan (3 +x)

. 1 n®+n 1 ) (1—tan x—l—tanx]
=1 == lim [ ——— lim cosec x| —= > =<2
nonl-n? 2 now 1-n? 2 = 0 1+tanx

JEE-MAIN Iim0 —cosec X{lzttanxj —Iim# =
OBJECTIVE QUESTIONS =e” TN 2 @m0 CoSXSINX e
Ql (4

/imsecx >1 Q5 (2

x—0"

. . 100
So /imit not exist zxk ~100
fim k=1

Q.2 (3) -t x-1

fin;l (L-x+[x=1]+[1-x])

_ dim | % 1+x2—1 +x10°—1
LHL= M (1 x+[x—1] +[1-x]) = et [x—1 x—-1 " x—1
=M (1 _(1h)y+[1-h-1]+[1-1+h 100).(101
oo (1= () + 1 1+ D =1+2+3+..... +100=¢=5050

2
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Q.6

Q.7

Q.8

(3)

/im tan? x
x—)%

(\/Zsin2x+33inx+4 — sin?x + 6 sinx + 2)

= 4im ign2
= an?x
X

[ 2sin?x +3sinx + 4 — (sin®x + 6 sinx + 2) }

J2sin?x + 3sinx + 4 + \/sinx + 6 sinx + 2

(sin? x — 3sinx + 2)
‘V2+3+4+41+6+2

= /im tan?x

X—>=
2

P2
sin?x
(put tan®x =

0s? X
taken as 1)
_1|sin®x—=3sinx+2|(0
- /im — 5 — form
Hg 6 COS“ X 0

(use L'Hospital rule)

2siNXCcosSX — 3CcoSs X

= 1 im .
2cos x(—sinx)

T[
6 xor

_ 1 4im 2sinx—3
6 Hg —-2sinx

1
VR
o,
N~
VR
N |
N—

1
Bl

(4)
M (@+x) @+ 3 (1+ x2)]

n— o

Multipling (1 —x) inN" & D’

“noow (1-x)

_ 1 li on+l _ 1
B (1— X) nl—r;noo (1_X ) = (1_ X)
o x<
(3)
im (¢ +27) in(x-2)
X—3 (x?-9)
_gim (x+3)(x* = 3x +9) /n[1+ (x - 3)]
~x->3

(Xx=3)(x+3)

_ lim [(1—X)(1+X) -------- (1+x2")} lim {1—X

& in direction sin x can be

_ fim
- X—>3

Q.9

Q.10

Q.11

Limit of Function

N1+ (x —3)]
(x-3)
=(9-9+9 (1) =9

(x2=3x +9)

(2)
fim (471
x—0 2
sin [Xj /n (1+ Xj
p 3
3
3 [ 4 —1J
— fim i(
x—0 ] (XJ
sin| = )
e .m(mJ
p) X 3
p -
3
X 3
=3p. tim —%5. —— 72 __
x—0 X X2
in{ % m(u}
3
X
p
=3p(/n4)?
(4)
Lim sin!ex’z—l!
Xx=>2  /n(x-1)
Lim Sin(e*?-1) . (X2 -1
T x>2 (eX—Z ) /mn(x-1)
. (x=2) _ _
:I‘Irn2 € 1>< (X 2) =1x1=1
xX= x-2) /n(Q+(x-2))
Aliter : — we can do the same question by L —

Hospital rule also,

Lim sin (e 1 _ Lim cos(e*? -1)xe*2

X—2 n(x-1) Tx—>2 1

(x-1)
= )I(_|_r)nz (x—=1).e*-2 . cos(ee-2-1) =1
(2)

x2 sin(lj
lim X

o x/9x2 +Xx+1

1
Put x =—y, so limit changestoy — 0
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Limit of Function

y”Lno —siny _ y"Lno —zsiny Q16 (3)
2 9 1 _ 9
y \/7_§+1 WSy lim nsin® ntano
y 06—-0 ) + 0
1 1 Asweknow,
R

sin@ nsin®
1

nsino®
0 <l=> 0 :{T}=(n—l)...(1)

Q.12 (4
Lim Sin(‘n(1+x)) Al N0 ntand >n:{ntan9}:n (2)
x=>0  /n(1+sinx) "0 0 0
_ Lim sin(n(+x)) _/n(1+x) sinx lim [[nslne} [ntaneD_ ~ o
T o0 m@ex)  xn(L+sinx) Now,oSo (| T |70 | =N-1+n=(n-1)
=1.1.1=1
Q.17 (2)
Q.13 (3)
/im ncos(iJ sm(iJ
T noe 4n 4n
Lim X_E T
x»g cos x |Letx= E*h Sin(nj
= /im COS(L] /im ixﬁ
n—oo 4n n— o 1 4
4n
T T
Sth=-2 s hs
:le 2—7.c2 :le h :_2 zllz:Z
h—0 COS(2+h] h—0 | —sinh
Q.18 (4)
14 3
Q ( ) 4im 5n+l+ 3n _ 22!’1
x3 sin(1j+x+l BN 20 3R
Lim X
X X2 +x+1 _ jim 5:5™3"4"
T onoe 5NN 279"
sin(l)
v n n n
X2 ) 1,1 s5(2] (3] _(4
(1) X x2 - 7le) "le) Lo
: X 1 - fim n n
i el (2] v
x2{1++}
X X2
_ 0+40-0 _
Q15 (D) T 0+0+27
"
N LN 3 19 (3
Lim 3n+—(12] - Lim ——n_ Q )
4n-(-1) 4D lim | Sin[x-3]
n x—0 [x-3]
LHLatx=0
_3+(—1or1)
_Lim_____ o ___ 3 lim |SN[=8-h1 _ jim | sinG4) |
n—>o 4_(—1or 1 4 h—0 [-3-h] ~ h-0 (-4) |~
o0
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Q.20

Q.21

Q.22

Q.23

RHL atx=0
lim sin[3 +h] lim sin3
h—0 | [3+h] | ~h—»o| 3 |71

since LHL # RHL hence limit does not exist.

(1)
(x+D)
; X+2
XLLYT!O [E) Itis of the form 1%, so

X—>0 x—o\ X—2

/=e =-e

Lim G*;J/XJA
_exaw —2IX :e4

Lim (x+1) [i—j—l} Lim [X—”j [x+2-x+2]

(1)
5

X'-_')“(’)L (1+tan2x/§)x It is of the form 1”, so

Lim E(1+tan2\/;—1)
é = ex—)OJr X

Lim §(tam2 \/;)

- eanJr

[tanzﬁJ
. . 2
(e F) _ gtm | (| g

=e
(2)

Lim
X—)% (1 + [X])lllfntanx

After putting limit [x] becomes zero, so base is dot
onehence 1 =1

(2)

Jim €051 (1-%)
x—>0" &

cos1— (0 +h)]

vO+h

Let1—-h=cos0
Sin 6 = /1— (1—h)?
6 =sin" \oh_h?

— Jim sin"ty2h —h?
- h—0 \/ﬁ

Q.24

Q.25

Q.26

Q.27

Limit of Function

sinty2h—h? /2n—h?

L e
“1x 3= |2

(2)

sim sin(6x?)

x>0 /ncos(2x? - x)

Jim SN 6x2 6x>

x>0 6x2 " /n(cos (2x2 - X))
, 6x2 (o )
= /im — form ; ,

15 /n(cos (2x2 = x)) \0 [UsingL
Hospital rule]

/i 12x
= M (“sin (2x2 — x)(4x—-1)

cos(2x? — x)

Jim —12cos(2x?—x) X(2x-1) 1
T x50 4x-1  ‘sin(2x?—x) (2x+1)
o1,

1.1
(1)
‘im (x—x2 /n (l+1D
X

. 1 1 1
=0im g _yo| =———4+——......

xon X=X (X 2x? 3x3 )

; 1 1 1
—fimy_y 4+ =_ = = =

X=X Do 5
(3)

2 X

Lim | X =2+l eform 1

X —>00 X2 _Ax+2 ISor thetorm 1”, S0,

. X2 —2x+1 . 2x2-x
Lim x Z, 27 Lim 2 ayi2
X—>0 - Xx—>o | X°—4X+

e - X X+ —e

= /=

. [ 2-1/x ]
Lim P——
_ eX—m 1-4/x +2/x -

3

X—a

. a tan[n—xj
lim (2——] 23) |t is of the form 1,
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Limit of Function I

. X a . X [ X—a .
.o eXhTatan%[Z—;—lj B exlg”latan%[TJ _ 1 |im (tan h/ZJ y sin? (h/2) _ 1
PJt o - 4 h—=0 {(h/2).2 h?/4x4 32
X=a+h,
lim tan [E+th (Lj lim cot mh h 30 3
/= g0 2 2a)\a+h) _ eih»o 2a)a+h Q. (3)
(1 (1
r 1 L 2alm xsin = |+sinl—-|, x=#0
T tan(n—h) (rh/28) < Cim 22, 1 f(x) = (Xj (ij
—e 2a —e P01 ath — g2 0 , x=0
28 (1 i i N R
Q (1) = X'wa f(x) = X'wa X sin (;) +sin (X—zj
1
fim(cos x)snx (1= form .
T (c0s X ) L im (S im oo e =
. Putx—y:y_)0 y +y_)osmy—1+0—1
m
- ex—>0[ sinx j
Q.31 (1
o _2S)(in2§x ! 1- 2cos><
_ eX—>0 2sin§cosE XLn; X(X _ TCJ 2C0sX
2 2
fim —tan| X
= exl_’o (2) sin[%—xj 1
==l Lim — 2In2
= xor (TC—XJX.ZCOSX = T
Q29 (3) 2
« Q.32 (2
lim (1—tan2j (1-sinx) . N
Xﬁg » Put x = (E”‘J lim (cos mx)** sinceit is of the form 1-, o,
(l+ tan 2] (n-2x)° x>0
-2n sinz[%J
© h o T bt 2
_ 1- tan(4+2j 1—S|n[2+h] lim L(cosmx—l) ® x2 xlxiz
_hllm =~ /= x>0 X —e 4 m
~ h->0
1+tan[n+hj n—g—Zh
42 2 [_msz
=e 2 y= 1—ex)
N
h
. 1+tan§ Q.33 (A)
1—tanD i sinx 09 X
_ lim 2) (1-cosh b {(1“‘3%)—}
= h5o h) | _gnd X1
1+ tanE RHL
Iy — LHL
1-tan—
iim_ [(1_ex)ﬂ} lim [(1_ex)ﬂ}
x—0 X x—0 X
lim —2tan(h/2) _2 =(-0.99) = -1 =(-0.9999) = -1
=150 ——2><8h3 x (2 sin? (h/2))
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Q.34

Q.35

Q.36

(3)

tanz[x]
B
f(x) = 1 ;. x=0

J{x}cot {x} ; x<0O

lim
Xx—0"

RHL : Jix} cot {x} =/1xcot 1= ,/cot 1

im _tan’ld
x=>0" (x% —[x]?) ~

2
(Iim f(x)J =1
x—0"

(3)

LHL = cot™?

/= lim 1-cos X 4/cos 2x

x—0 X2

(1-cosx+/cos2x) (1+ cosx /cos 2X)
X2 (1+cos x+/cos 2x)

_ lim
4 x—0

1 cos? x.cos 2x

X2 1+ 1\/1)

_ lim
t= x—0

1-cos? x(1- 2sin® X)

lim
(=
2x2

x—0

2 2

X + 2sin® xcos? x
2x2

1-cos

_ lim
4 x—0

. 2 . 2
; sin“ x ; sin“ x
lim lim 5 coS X
X

2x2

x—0

(2)

lim C€Os(sinx)—cosx
x—0 X4

. (sinx+xj . (x—sinxj
2sin sin
lim 2 2

x—0 X4

Q.37

Q.38

Q.39

Limit of Function

Zsin{SinXH} [sinx+x) Sin(x—sinxj
_lim_ U 2 J .\ 2 ) 2
x—0 SinX + X x4 X —sinx
2 2

[x—sinxj
2

X+ SinX X —SinXx i
2 2 X 2 X X4

lim 1 X + sinx
= x—0 o X

_ lim
“x-0

1 sinx ) ( Xx—-sinx
I|m—(1+— ( j
x—02 X X3

2 6) 6
(2

2X
lim a, bl _ - .
Nl (1+X+x2] =& Itisof theform 1

lim 2x (1+E+%flj lim [2a+2—bj
EZ exaoo X X - exaoo X :eZa

but/=¢€,s0e®=¢ = a=1 &beR

(1)

g = lim

X —>00

x2 +5x+3
X2 +x+3

X
J Itisof form 1*

2
lim x X2+5X+3—1 lim x[ ax j
(= eXﬁw X +X+3 - ex»oo x2+x+3

Ii’ (‘F/ +3/ 2]
X—>0
1+1/x X 4

(3)

| sl ofi)

x>0 xv/3 (v/3 cosx —sinx)

2x2 \Esin(n+ xj—lcos(n+ x]
_im 2 6 2 6

- x20 xv/3 (+/3 cos x —sinx)
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Limit of Function

Q.40

Q.41

Q.42

50

4xsin(n+x—ﬁj
lim 6 6

X0 x/3 (/3 cosx - sinx)

_ lim ,SINX " |im 1
~ x—0 * Xx—0
X Jg[\/gcosx—lsinx]
2 2
=2 lim 1 _4
X—
\/Ecos(n+x] 3
6
(3)
/= lim sin-[cos x]

x>0 1+[cosx]

. lim Sin[cos(O-M] |y sin0 _
HALS 50 Tifeos(0-h)] T o0 140

(v [cos (0—h)] =0)
lim SIn[cos(O+M)] _ jjm sin0 _
RAL* hSo Tjcos(oxh) = "0 140 -

lim sinlcosx]

' x>0 1+[cosx] ~

(1)

1* From

SO

.1 1
= Lim sin—+cos—-1
put x = 1/t

= Lim %[sin t+cos t-1]

t->0

= Lim
t—0

25in£cos£—25in2£
2 2 2

~|

; .t t o1
- Lim = — |cos=-sin=| =1 =
= L 25|n2 [ > 2}—1—e1

| =

(3)
_)(2
/im € % —CosX
0 x3sinx
2 4 2 4
1= XX e
_ 4m 2 2 21 4
~ x>0 X3
x3{x—+ ....... }
3!

Q.43

Q.44

~ x>0 2
x4{l—x+ ....... }
31

117 1

8 24|~ 12
(3)

e ™y e™ _2cos™ _kx?
o= lim

x>0 (sinx —tanx)

Using series expansion

2,2 3.3 2,2 3.3
14 XX XTI X 508X k2
im_ L 2 3l 1 2 al
X—0 {(smx—tanx)}x3
3
4.4 2.2 4.4
PO Tt S UL e St S T
lim 12 4.2! 16.4!
- x=0 & [ sinx—tanx -
ﬂ

2
(52_ij2 +Mx?

3(sinx—tanxj
X - @ @

X3

2
For existence of limit, 5% =k, now check value of

n & k from options.
(4)

; 1
lim _—
N 4 ([13x]+[23x]+ ..... +[n3x])
PBx-1<[13x]<1%x
2x—-1<[22x] <2
X —1<[3Fx] <3Bx

n*x —1<[n®x] <néx S0,
(Bx +..+mx)—n<[13x] ..+ [N X] <13 + 22X +... n°X

. 3 3 .
lim X+ +07X)-n _jim

n—ow M n—ow

. 3 3
/< lim LT X+..+n°x

~— N—>ow m



Limit of Function

, Q47 (3)
(n(n+1)j “en
lim 7 _ lim _lim [2x 1 X
n—o 2—4<n—>oo f(x) = t—>0 (? cot (t_zj]
n
Case-1:—>I1fx<0,
(n(n+1)j2x Let x =k, wherek > 0.
; 2
lim \ < J 2 X -2k -k -2k
£ nse n’ S0, X cot? (_ZJ =—— cot? (_ZJ =
i t T t i
2
) ]
lim n 11c lim 2 t
n—o 4n4 n3 n—o
lim 2X X _lim 2k (= 1
Ho—cor{t j =0 - (2+tan t—zj
2
n4( 1) X =—k-k =
/< lim n 2X
TN 4t Case—2: > Ifx>0, T
X lim X lim ,_ X lim 2X X
4_0<n—>oo€<4 SO, n—>oo£_4 t'_r)nw?cot‘l(t_zJ=0 & 0 S
i.e. x-axis. /l
Q.45 (4) s0, graph of f(x) will be
fm Lt L Q48 (1)
n—oo /nz /n2+1 /nz +on Multipling by log x in dinominater & numanater
lim 109xn—[x]  |im logn-[x]logx
lim M </< (2n+1) X— [X] T x> [X] log x
= <r<
N> y\n2 4+2n \/n_z
im _logn . _
im 204D jim (2041 = [Xllogx
n— o 2n ~ n— o n
Wz JEE-ADVANCED
OBJECTIVE QUESTIONS
.46 2 i x"
Q (2) Am — =0 (n e integer)
) x-1, x=1 €
Given: f(x) = w2_2 x<1 case(i) whenn=0
fim X' _ sim 1 _
{x+1,x>0 ah then 0 & = xow X =0
X) = X) =[x
9(x) 241, x<0 ()= case(ii) when n is +ve integer
lim lim ) fim X0 (oo
LHL : Do () = , 5o f(9(07) M % [ form|
lim o, =fm I -0
= 50 f(]_):O x—w X
lim lim " lim is— = U
RHL: "0, f(g(h()) = oo+ f(h(07) = . mo- case(iii) when nis—ven=-mwherem e z
: : -m
f{g(0")} =0 sim X _ gim XT 7

xowo X T xow  aX

— fim 1 =0
T oxom xMeX =
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Limit of Function

n Q.6 (©)
so fim X _ 0 a, B are the roots of the equation ax2 + bx + ¢ =0
X—0 X
€ ax2+ bx + c=a(x—a)(Xx—B)
Q2 (B)
1 o axZ+bx+c
gim IKE_[XG] (@> 0) fim(1+ax2+bx+c o = gin xea
x—a~-| & L&l oo
o a(x—o) (x=B)

X=a—-h — effl (x—a) = gia-P)

_ 4im Ia_—hE_'a—h}3 Q7 (D)

“h>0 & | & a, B be the roots of the equation ax?> + bx +¢c=0
wherel<a <.

3 () if a>0

- (im @E—[ —h}

“h>0| @ a \ /

—aZ-0=& 1 o 8
So ax?+bx +¢ >0 whenx e (—o, o) U (B, )

Q3 A _lax®+bx+c]|
i lim o So /im— =1

Giventhat, , " f(x) isfinite & non zero. x>%, ax® +bx+c

when a>0 and X € (-0, o) U (B, =)
: B . <
Also, XlinoO F(x) + 3f(2x) 1 _3 (i) Ifa<oO
f2(x)

So ax?+bx+c>0 whenx e (o, B)

3f(x)—1] t )
—%. | =3

Let M f(x)=rs0 M (f(x)+

X—>00 X —>00 f2(X)
2
a1 fim 18 +bXre]_y
=S (+—5 —3=0=(/-1P°=0 = (=1 X% ax® +bx+c
¢ whena<0 and X € (a, B)
Q4 (D) So (A) a>0 andx,<1 right
lim (B) a>0 andx,>f right
A LA ... A),1<m<n 0 .
X—8p (A, A, ) (C) a<0 and a<x,<p right
im X-a; X-2a, X —ap X—ap, (D) a<0 andx,<1 wrong
X=am |x—aq| | x—as| | x-am| |x-a
| 1| | 2 | | m | | n | Q.8 (B)
lim no1y X78m o
B D7 g ¥ D o e
. ey ey
v v lim
RHL LHL X—>® "
(Dr-mx1 (Dr-mx (1)
S0, limit does not exists. N X N X
_ ||m (2X e _1)_(3X e _1)
Q5 (©) X—® (x"/1e¥)
{im c0S=C0S—C0S—COS—....... cos . n
s 2 3 4 n lim X _
2 2 2 Now, X —>00 ex =0
X
=/im ﬂ = /im w 2_“ ( /im i 2(X”/ex)_1 i 3(x”/ex)_1
n—-w 2nS|nL n—-w X Slnl n—-o $, m ﬁ _ m ﬁ
n on X—> o0 (x'/e”) X—> 0 (x"'1e*)
X —0)= sinx
" T T x
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. ___________________________________________________________________________________________\§
2
=log,2-log, 3=log, [gj

Q9 (D)

Giventhat o & B aretheroots of ax?> + bx + c=0

2
. lim 1-cos(ax” +bx+c)

X—>o (X—OL)Z

Zsmz[ax +bx+cj
lim

2
Z_x—nx (X_a)z
osin [a<x o) (x - B)J
y= lim
X—=>ao (X 0() (X i
4 " (x- B) a’
X g lim (X_B)2:£ (0'_[3)2
4 X—>a 2
Q.10 (B)
(i) ¢= fim(sin x+1—sin\/;)
=/
— fim2cos

2

X—>00

( Tt J_] {x/_l J_J

—~( = fimZCos(#}sin( x+1-X ]

X—>00 1

— ¢ = fim2cos

X—0

2 ﬂm

= ( = (oscillating value-1to 1) x0 =0

(i) m= €|m lsm\/x+1—sin\/;J

When X = —©
then ,/x undefined
m is undefined

Q.11 (B)
(tana) X + (Sha)y =a
[(o cosec a)x + (cos a)y = 1] x tan o
_ a—tana
tano —aseca

Q.12

Q.13

Limit of Function

Lim o—tano 1o

a—0 x 3
L (sina—a) Yo
COosa

X =

a—>0 ~-1/6

X = X cosa =2

Lim tanzot—otz seca

=0 sing(tano — a.seca)

andy=

Lim tanzcx—oc2 SeCOL+0.2 —az

a—=0 sina (tano—aseca) o
3 .

a a

tana tanoa — o 1-cosa
+1 3 - 5
Lim a o cosa.o” 1
a0 sina \(sina—a) 1 o
o o3 cosa

(©)

Givena=min{x?+2x+3,x € R}

1-cos6
02
Let f(x) = x2 + 2x + 3. Its discriminant is less than

. . -D _—(-8) _
zero. Itsmin. valueis da - A<l -

_ lim
&b=40

Thena=2&Db

(22)n+1_1 4n+1_1
(2°-1y 32"

N
:||—‘

(B)

im Sin"x —tanx
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Limit of Function

X
_1,1_3_1
"6'376 2
Q.14 (A
3
/im X =
x=0 \/a + x (bx — sinx)
. 1 3
/im /im X -
= x50 Ja+x x0 bx — sinx 1
1 /im X
= \/a © %50 X3 5 =1
bX —| X——"—4+"—"—......
3! 5l
1 /im X
= 7. 3 5 =1
Ja oo b-Dx+> X
31 b5l
If limit exists, thenb-1=0=b=1
/im X
So \/g x—0 X3 l_ﬁ =1
6 120
1 1
= X —=1= a=36
a1
6
so a=36,b=1
Q.15 (B)
ay by
exp| X {n 1+T —exp| X n 1+7
am | gim
y-0 | x> y
1 Y (1, By
+ +5
; /im
= fig X300 y by expansion
_fim
y—0
[1+ay+x(X hayr, ]—[1+by+x(x_l).b2y2+....J
) 21 X2 21 X2
/im
X—»00 y

54

Q.16

Q.17

y(a— b)+y @2 —b2)+.....
_Ji
_yl—r:(]) y
(A)
’im /nsinx

+ . X
x>0" yagin =
2

L’ Hospital

1
———COSX

sinX

f(0) =

n

= 0= X

M(

(1
= f(0) = ;(

_
M+1)

A A+l
n
fO)= —
= 10 n+1
Elm = _n
Now T f(0) = nl_)r2n+1
1
1+0

1



Q.18 (A)

lim In+2(n-1)+....+nl
oo 124224 . +n?

consider the numerator, it can be written as follows

n

z r(n-r+1) =(n+1) Zn: r—Zn: r?
r=1 r=1

r=1

=N+1)A+2+3+..+n)—-(12+22+.+mM
_(n+1).n(n+1) n(n+1)(2n+1) n(n+1)(n+2)
B 2 6 6

nin+2)(n+2)
im 6 gm (+2) 1
Now ', nn+)(2n+1) ~ o @2n+1) - 2
6

Q.19 (A)
M g(f(x))

LH.L= M glf(x)]

M g(sinx) = /M g(sinh) = /M (sinzh +1) =1

x—0~ h—0

RH.L. = fm

; - /im
5ot 9 (sinx) =

[f(x)] = ‘m fim

Am g
gsinh) = M (siih+1) =1
LHL. =RH.L.=1

so M grf(x)] =1

x—0

JEE-ADVANCED
MCQ/COMPREHENSION/MCOLUMN ATCHING
Q.1 (A B,C)

x?—9x + 20

0=

2
sim X“=9x+20 25-45+20 _

x5 X —[X] = 1

x?—9x + 20 _
X—[x] T~ h-o

(5+h)> —=9(5+h)+20
5+h—[5+h]

/im

x—5"

. 25+10h+h? —45-9h+20 . h?+h
/im = /im——
h—0 h h—0 h
simPh+1) _

h—0 h

MM fx) =AM #(x)

X—5 x—5"

so M f(x) does not exist

Xx—5

Limit of Function

Q2 (A, B)

(A) Am VX+ flm VX+

X—>—00 3X 6 X—> 0 3X—

Q3 (A,B,C,D)

sim (ax+1"
x—o X" 4 A
(A)Ifne N

-3
a+=
—2: @+0)" _

1+0

£im
X—>00

1+
X

B)lIfneZ &a=A=0

/im M
the X—00 +A

1
=M —-wnez

X—00 X

(©)1fn=0

n
fim (@x+1)"
then xow A
1
1+ A

—/im

X—00

!
T 1+A

(D)lfneZ,A=0& a=0

n
then (im M sim @+
X—0 +A X—00 Xﬂ
n
:glm (a+£j
X—>00 X
=(@a+0)" =a

55



Limit of Function

Q.4

Q.5

Q.6

56

(8.0

2X
1+—, 0<x<1
f(x) = a

ax, 1l<x<2

LH.L.= Mgy = fim 14

x—T h—0

2(1-h)
a

RH.L.

(M) =AM a(1+h)=a

x—1" h—0
/im i
w1 [(X) exists
L.H.L.= RH.L.
2
= 14+ — =a
a
= &-a-2=0
= (@a-2)(a+1) =0
= a=2,-1

(A, B)

C0S2 —C0S2X

Let f(x) = x2—| x|

(A) fimf(x)
for x=—1|x|]=-x

£(x) COS 2 — COS 2X
X)= ——
X2 + X

cos2-cos2x O

Now /im (6 form)

x—-1

X% + X
2sin2x

= /im——— =2sin2
x>-1 2X +1

B EimcosZ—cost 9
(B) x—-1 X% =X (O

= 2sin2

form) = {im

(A, D)

1+acosx

fim
For x—0 X2

0
for [5] form

l+a=0=a=-1

for (im bsinx _ jim b
x—0 X3 x—0 X2
so b=0
Now /= fim 1+acosx _lim bsinx
x—0 X2 X—0 X3

2
=14+ —
a

2sin2x
2x -1

Q.7

Q.8

Q.9

I
=
3
N

I
=
3
N

(a,b):(—l,O)andE:%

(A,B,C,D)
fim (cosx+asinbx)§ = ¢ (1~ form)

’ [cosx+asinbx—1
lim | ——————=

ex—>0 X j — e2

fim

[—sinx+abcosbx
= ex»o

1 jZEZ

Zing(— sinx +abcosbx) = o

= a=2 . a=1,b=2, a=2,b=1;, a=
3,b= 2. -2 b=3
] - 3 ] a= 3 ] -
(AB, C)
/im _ 0 in(0 —
o 100= {5 10— hf=ren
— /im in(—
~ ho0 hEne
Zim (=sinh)(Znh)
= gh-0
=el=1
/im i sin(0+h)
A3 109 = {m 10+l
- fim e
—  fim(sinh)(¢nh)
ehﬁ:o
=el=1
/im _ /im _
X—0~ f(x) = x—0* fx)=1
M fx) =1
(A,D)
; 2sinxcosx+asinx o
fim 3 = p (finite)



Limit of Function

Q.10

2

Xx—0 X X

/im SINX " im 2cosx+a
x>0y x>0 X2

/im 2cosx+a

= —_— =
x—0 X2 p

0
For 0 form

2+a=0
a=-—

x—0 X2

(A,B,C,D)

¢ _|x+n|
(x) = sinx

(A) f(=7) = fim sin(—x + h)

= fim |h| -1
h—0 —sinh
. |-n—h+mx|
_y = fim |-n—h+m]|
(B) (=) = 150 “sin(—r—h)
. |h|
= /im —— =
hLO sinh 1

(C) f(=n) # f(-n")

/im

X—>-T

SO f(x) does not exist

(D) for M £(x)

X7

i X+
LpL = fim 1Xrrl
X SINX
_ ¢im 2r=h _2r_
h-0  sinh 0
im | X+
RuL = fim [X+7l
Xomn SInX

- /im 2n+h :—E——OO
h=0 _ sinh 0

|-t+h+m|

Jim Sinx (Zcosx+aj
— |/ |=p

/im  2(cosx-1) -

LHL = RHL

o) fm f(x) does not exist.

Comprehension # 01

Q11 (A
Q.12 (D)
Q.13 (A)
(11 to 13)
/im _ /im sinx+ae* +be™ +c /n(1+x)
x—0" f(X) - x>0 3
X
_ fim
fim X0
x—0 3 45 X2 x3 x4 2 x® x4 X2 x3 x4
(x—§+g+...]+a[l+x+a+a+z+ ........ ]+b[1—><+a—§+E—....]+c[x—?+?—7+....]
. 2 b of 1 b 4
- £|m+ (a+b)+x(1+a-b)+x [%Jra—%jH( (—§+%—a+%]+x [ ]+
Xx—0 5
a+b=0
— = 1
limitis finite= 1t8=0=0¢r o =
a+b-c=0 2
1
—andc=0
2
Zim __t,a b c_ 1
Also - f(x) = 3!+3! 3!+3 =5 (1-a+b
1
-20)=-—
) 3

Comprehension # 02

Q.14 (B)

™X
In radians we can say sin x :sm(]BO)

. .[n_ﬂj .(ZHR_XJ
. SINX=9n 180 or sin 180

5
- XE 180

_ 180x _ 360r
*Z 180+ OX=180—n
pr mmn

and
g+m nN—rm

we have, m=360; n=180; p=180andg= 180
SL.m+n+p+qg=900

on comparing with
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Limit of Function

Q.15

Q.16

Q.17

Q.18

58

mn  360-180
Al " = 180180 =27 L

(A)

2 2,2
Lim (Ax“+Bx)-C*x
x>% [ Ax2 + BX + CX

Lim (A=C)x*+Bx_
x>0 X|JA+(B/X) +C| =

for existence of limit A = C2

B8 e
ence —— = S (usingA =C?)
B

o L_\/K—i-c_z
if C =—,/A then limit does not exist hence
c=JA

B B

2c “Tc”
©

g'(xX)=-2f"'(10-2x)
g'(L=2)=-2f'(6)=0

(A) = (9.,(B) > (n, (C) - (p), (D) — (9),
(A) Ifm>n= m-n>0 .. fi_fB¢(X)=0
(B) If m=n, then

i = i
ax"+a,"" #o, +ax™ a,

m+1 ¢
b x™+b,"" +.......... +b,x™" b,

(C) If n—miseven positive, then

fimp(x)= as 2050
x—0 0

(D) If n—mis even positive and E—°< 0, then

im(x) = oo

A)—>@, B>, (©)—> (), D)~ /),
tan[e?]x? — tan[-e?]x?

sin? x

x—0

2tane’X’ |, o tanfe’lx’
L
X2 S|r12 X

X2

[’
/im
x—0

=[e] - [-¢]
=15

(B) fﬂg {(min(t2 +4t+6))ﬂ} = ff(‘) [

Zsinx}
N

X

sin X <X

2sinx 2sinx
< 2=

sim (L+x2)Y3 —(1-2x)4
(© fim ( ) (2 )

I
=
3
[

-

_ V2-Viroosx gy 22sin®
- sin? x - N

X—0 "
sin® x

NUMERICAL VALUE BASED

Q1 [Z
. P -1

fim f(x) = glzn sin—"(1—{x}.cos™(1—{x})
xo0" V20 (1)
_ lim sin"}(1-h).cos}(1—h)

h—0 \/E (1_ h)
_ sim sin!(1—hysin*/h(2=h)
~ h>0 (1—h)\/ﬁ
_ sim % sin"t/n(2-h)

= —_—_ 2
8L e Jan VA



Q.2

Q.3

Q4

_/im T

h =
~ h-o0 E'l' 1_5_5

/im sin!(1—{x})cos (1 - {x})
el J2{x} @-{x})

fim f(x) =

x—=>0"

TE
= fim sin"‘h.cos *h 5 _-_T
o0 T Ra-mh V2 242
(1]
/im (x sin(l] + sin{lD
X—»00 X X2
sin[l)
/im X +sin 1 = =
X—>00 1 2 =1+0=1
X
X
(2]
4im 1—-CcOoS X4/COS2X
x—0 X2
. 1- cos? xcos 2x
= fim 5
x>0 (1+COSX\/COSZX )X
. 1 . 1—c0s® XxCos 2x
—/im fim = — =72 AMESeR
x-0 (1+C0SX4/COS2X ) * X0 X2
1, 1-— M COS2X
-= flrrg 2
2 X—> X2

1 jim 2-Cc0s2x—(cos2x)
E x—0 2x2

1, 1
= fo(‘) — 7 (05 2x +2) (cos 2x - 1)

1 i 1—cos2x
— = /im fim —_==222
=7 %0 (cos 2x +2). [ 2

_ (1+2)

_ ., L\
sim 2sin”x :izﬂm(smxj _
X

N | w

4 = xo0 %2 4 x>0
limit 3-i-l 2
= =—-+- =
2 2

(1

f'_TO f(x) exist and is finite & non zero

. 3f(x)—-1 ;
am {f(x”f(zx—()x)}ﬂ = m

Q5

Q.6

Q.7

/im
n—o0

Limit of Function

3/imf(x)-1
f(X) + X—>0 > — 3
[éim f(x)}
X—>0
Let  Mfx)=A
3A-1
A+ — g =
= A=1
fim =
o) e ) =1

[0]
(g (h (x)))

LHL x—0
5 o

. H(g(x)

then (im Xx) = 1*
x—0* 969

/im f(x)=1-1=0
x—1F )

RH.L.x —> 0"

1B =0

so /im f(g(x)) =0
m_ (g09)

LHL.=RH.L.=0

[4]
(im-g(f(x))
LHL. = M gif(x)]

/im ; — /im ; — /im (g -
x—0~ g(sinx) = h—0 g(sinh) = h—0 (sn*h+1)=1

- /im - im i - /im
RH.L.= 0 of(x)] = g(sinx) =

x—0" h—0
g(sinh) = 1M (sinzh+1) = 1
LHL. =RH.L.=1
so M glf(x)] =1

x—0

[2]
1 1 1

1
+ + + —_—
[\/n_z yn2+1 Yn242 n? +2n

using sandwitch theorem

<

Vn? =
1 1

2 <=
n“+1 n

1 1
n
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Limit of Function

1 If limit exists, thenb—-1=0 = b=1
1
<_
n2+2n " n 1 um x3 .
adding all these inequilities 0 a0 Xs{l_x2+ } -
L L L L 6 120
+ + Fooererenn, t—_2n
2 nZi1 Jn2a2 Vn?+2n " n 14
4 = TxTzl = a=36
Taking both side ;"' a =
/im 6] a=36, b=1
N—>o0
[ L1 1 J Q11  [20]
............. —— =2
\/n_2 In2+1 JnZ+2 vn? +2n n 5 4
_ X2 | g2
=2 (7)1
Q8 [ =
. 1 . 1 1
o el ) o
. 2 | = + 2 2 = i N
o [ 7m0 T e x f© = ;( 2-5)

o ool -
x—0* X C 20
= fO= Z((x)(mn]

similarly "M (g =1 =

n
1 1
.9 11 = ———
Q [11] = f(0)_2o§,(k x+1j
T
sintx — tan"tx 84X§
im = 1
X —0 X3 sinmx = f(0) = 201_n+1
20n
x+—2x3+.... - x—£+£— = f0) = —
sim ! 3 5 84 n+1
X—>0 x3 + ?

- 2
Q.10 [37]
Zim x° =
x-0 /a + x (bx — sinx)
1 x3

/im /im

x>0 Ja+x *0 px_sinx

i /im X
= Ja = x-0 X3 X
bXx—|X——+—-
3!
1 /im X’
= . 3
\/ 0
a = (b—1)x+% X

60

Q.12

Q.13

; . 20n
/im - =
Now T f(0) = /im

n—onN+1
gimﬂ 20
= N—>wx 1 = —220
I+— " 140
n
[12]

LHL= AM fo—hy= M fpy= Am =1

h—0" h—0*

RHL = M 0 + h) = Am

h—0* h—0*
(ﬂim ! j: 1
n>o14+h"
[21]
e M e _2cos X _kx?
/im 2
x>0 (sinx — tanx)



Q.14

Q.15

Q.16

|
x
1
b3
—
x
|
w|>,
4
~—
|
——
x
¥
|
+
-
0-||\.7
x
n
h
~—

|
x
N
o
w
[
W
|
W
N—
+

limit exists, if coff. of x?is zero.

2

= n2+n7—k=0 = 4k = 5n?

so the possible value match that is n=2
k=5

[11]
n
Zrz(n—r+1)
fim =L
n
S
r=1

n—oo

I
=~
3

(n+1) (N(n+D(2n+12)
/im 5 62 -1 _vs
n— oo n“(n+1) TV
4

1]
w| s
I
|_\

I
W

[99]

98
fim n - 1

T e XCl—XC2+X&—... %9
2n  en?

the limit obviously existsif x —1 = 98

(1

Limit of Function

e—e{l—x+llx2 _ }
_ fim 24 e
T x0 x3  2x° 2
X+—+—4+.....
3 15
KVPY
PREVIOUS YEAR'S
Q1 ©
limxsin(e™)f (x)_nmg‘”(e ) X
=1x (0) xM=0
Q.2 (D)
_a+a” —(a’+a) 0
lim 3-x x/2 "
xX—2 a —a 0
Applying L hospital rule
. a*/na—a**/na
lim 1
—a>*/na-=a"*¢na
2 _ 2 _
a‘“/na—alna _a a=g(1—a)
a 3a 3
-alna——(na ——
2 2
Q.3 (A)
X 6/x?
()"
x>0\ SIN X ()
6( x
eluor[a*lj
”mi xisinx
eHox ( sinx )
(5 %)
. X Lx— TR
x->0x2 X3 x5 )
e [ 3E
x3 5°
e
XIE?)XZ( 2 x® )
e Lx—a+§ .....
1 x?
e
& 15
Q4 (D)
=, cos(no)
clo) -3 =
n=0 .
( cos® cos20 cos30 cosnf
= 1+ + + +..+
el 1 2! 3! n!

)
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Limit of Function

Q.5

Q.6

62

1 1 1
C(0)=1+=+=+=+..upto o term

20 3
=e

1 1 1
C(n)=1—£+§—§+ ..... up to o term

Clearly C(0), C(n) = 1
1
C(0) . C(m) =€+ >2

_ _sjne_zsin29_3sin39
O = 2 21 3

+....up to

oc term
And that valueisequal to zeroat 0=0

(A)

X
3
xzj'et dt
lim—2—

X—>0 eX

Apply L Hospital

X
3 3
2xJ. e +x%

Iim"#
X 3x°e

X
3 3
2J'et + xe*
lim-2 .
X—»00 3X2eX

3 3 3
.26+ +3x%
lim - 5
xow 3 4 Oy deX

3+3x% 1
im ==
x>»3+9x° 3
(D)
Rationalise
2_ p—
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Q.2

Q.3

Q.4

Q.5

Q.6

(D

_ lim 2[9”(2 TxC gﬂ

x—0 \/§X(\/§)

_lim 4 snx _ 4

x=>0 3 X 3

(1)
By L-H rule
f(a)-a'(x)

L=Iim
X—a

- L=4-a(2)

(4]
lim ac’ —bcosx+ce _n

x>0 X sin x

2 2 4 2
a(1+x+x—|.“] b(l X—'+...j+c 1 x+X—'j
lim 2! 2! N 2! —»

= x>0 xsinx
—|x
X

a-b+c=0
a-c=0
a+b+c _5
> =

=
(4)

lim
X—0" (1— X

cos'x _sn'x =
—Z)X —

X 2

)

We know that
r<frj<r+1
and2r<[2r] <2r+1
AIr<[3]<3r+1
M M M
nr<[nr]<nr+1

r+2r+..+nr
<[r]+[2r] +..+[nr] <(r+2r+...4nr)+n
n(n+1 n (n+1)

5 'rS[r]+[2r]+ ...... o 2 r+n
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Limit of Function

So, by Sandwich Theorem, we can conclude that
Iim[r]+[2r]+2. ..... +[nr]:L
n—o n 2
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x—0 3x

=lim
00

1
x_
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(2RI

So6L+1=2
So6L+1=2

(©)

If f(x+y) = f(x).f(y) & f(0) = 3 then
f(X) =ax = f’(x) =ax.Aha

= f(0)=Ana=3=a=e€3

= f(x) =(e3)x = e3x

3x
Iimwzlim(uwj _1x3-3
x—0 X x—0 3x
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(3)
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(7]
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Limit of Function

JEE-ADVANCED
PREVIOUS YEAR'S
Q1 (D)

x(n(L+b?) 1
ime X =1+b>’=2bsin?0 = sin?0 = <
X—0 2

b
1
We know b + b >2

— Sn?0>1but SO <1=>sin?0 :1:>e:¢g

Q2 (B)

X+1

X—00

i [xz(l— a)+x(1—a—b)+(1— b)} »

Limit is finite
Itexissswhenl—-a=0=a=1
1—a—p+ 10
; X
then fl—[?o 1 =4

1+=
X

~1l-a-b=4=Db=-4

Q3 (B)
(1 +a* - 1%+ ((@])*- Dx + ((at1)**-1) =0
let a+1=t°
EB-x*+EB-Dx+(t-1)=0
(t+Dx2+(2+t+1)x+1=0
Asa—>0,t—>1

2x2+3x+1:0:>x=—1andx=—§
Q4  [0]
Ax
im —ax+sin(x-H+a|-vx 1
X+sin(x-1)-1

4

Xx—1

_ lim {—ax+sin(x—1)+a}x+& 1

X+sin(x-1)-1 4

Xx—1

lim
Hence Xl

{—ax+sin(x—1)+a}l+& _

1
(x—1)+sin(x-1) 4

putx=1+h,
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Q.5

. {—athsinh}l+ JL+h
lim{— "> ==
h—0 4

h +sinh

or _a+1—lor —1 a=0or?2
2 2% Ty 7Es
utata=2, h+sinh ends to negative value

So correct Answer isa=0
However a = 2 may be accepted if this is not
considered
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T . T . T .
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. (B)
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Q.6

Q.7

Q.8

1 n =n
_X_—_
3 2 6

- (©
Now, gof(x) =

Esin Esin Esinx
= 270272 =1
; Esin Esinx =
= sin| g 2

~ (D)
[2]

m>2and n>2

cos(a")-1 _ ny 2
—lim e(e 1)X[cos(a ) 1ja

~ a>0 (cos(a")-1) @"? Jam

I

>N
Vv
N |~

w
H
~

cos(a")-1 _ 7 Ny _1
ex lim| 2 ) |ctim | €05@ =1 iy g2n-
a—0 cos(a”)—l) a—0 a" a—0

1 . ~
zex1x —=xlima®™m
2 a0

Now alm & must be equal to 1.

ie2n-m=0

m_,
n

(7]
x?sin( Bx
|im7(_ﬂ):

x50 X —SinX
3
lim—>P 1
x>0 X — SN X
2
x>0 g — COSX
La-1=0
6xp

[im—==
X—>Osnx

'.6(a+ﬂ):7

=1
=a=1

1=6p=1

(CD)

f (1*) —limE™ (L+h)a+h) cos
h—0 h h

m

Q.9

Q.10

Limit of Function

_1-(1+h)? 1
=|lim———~—cos—
h—0 h h
. —h*-2h 1
= lim——cos—
h—0 h h
= Iim(—h—2)cos1
h—0 h

= limf (1+)does not exist

h—0

1-(1-h)(1+h) ot

h—0 h h
1-(1-h)?
=lim ( ) cos1
h—0 h h
. h? 1
=lim—cos—
h—-0 h h
=lim hcos1 =0
h—0 h
(B, D)
P-1:
f (h)- f (0)
hL‘gT = exist and finite
) 2/3_(0) |h|2/3
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© 109 =, Iy = =0
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. f(h)-f(0
L'gg% = exist and finite

h2
RHL = I|mh—:1
. h(h)-0 o
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. sinh—-0
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Limit of Function

Q.11
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4/2-2sin2x cosx

2 23in2xsin3—2X+(

5x 3x
COS— —COS—
2 2

16+/2sinx cos® x

)—\/E(LL cos2x)

16+/2sinx cos? x

2 ZsinZX(singzx—sin)z(J—Z«/ﬁcoszx
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lim
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Continuity and Derivability

| EXERCISES |

ELEMENTRY Q9 (3
el (@ lim f()=0 gog lim f(x)1+1=2
f(n/2)=3. Sincef(x) iscontinuousat x = / 2 X1t Xl
Hence f(x) is discontinuous at x= 1.
. k cosx I k
= lim =fl=|=>==3=k=6.
x—>n/2\ 1T — 2X 2) 2 Q.10 (2
limf(x)=-1 limf(x)=1 f(a)=1.
Q.2 (1) X—a— X—a+
But f(x) is continuous at x = 0, therefore k must be lim f(x)=3, lim f(x)=3and f(2) =
Zero. X—>2— X—>2+
Q3 (3) f(0)=0 012 (3)
Ilmf(x)—llme =0 gd 3
X—>0— T _ i —
Here f (T} =1 and x—I>I3r1;r}4ﬁf(X)
lim f(x) = Ilme'”h =
g 1= lim  f(x)= lim ZSinE(g—n+h) —2snt=1
Hencefunctlon|sd|scont|nuousatx:0 X3/ 4+ h—0 o\ 4 6
3
Q4 (2) Hence f(X) is continuous at Xzfn.
f(X):X——’—:L
(X=3)(x+4)" Q.13 (2)
Hence the points are lim f(x)=1+1=2, I|m f(x) 0,f(0=2
3,-4. x>0~
Q5 (3 Q.14 (2
1 lim f(x) = lim (x + 2) (x? + 4) = 32, (2) = 16.
lim f(x) = x? S'n_, but 1£sin1£1 andx —> 0 X—2 ) x—>2( ) ( ) (2)
x—0" X
Therefore, lim f(x)=0= I|m f(x)=1(0) Q.15 (2
x—0"
Hence f(x) |scont|nuousatx =0. lim f(x)= (x=2) (x+5) :__721'
x—-5 x+5((x-3 -8 8
Q6 (4
f(0-)= lim k(2x-x%)=0 . Qe (4 o
x—0- ’ By definition of continuity, we know that
f(0+) = lim cosx =1 lim f(x)= f(3)_ I|m f(x)
Xx—0+ X—>3+
. f(0)=cosx =1 = lim f(x)=4 or lim3-h+1=4
X—3- h—0
Hence no value of k can make f(0-) =1. =3+ h=d=r=1
Q.17 (1)
v 2
© (.) . lim (cosx)¥* =k
limf(x)=limx+1=2=k. x—0
x—1 x—1
1
lim —log(cosx) = logk
08 (2 = lim> g(cosx) = log
i 2SN2x 2 lim < lim logcosx = logk
|Imf(X) )|(I_>0 %5 —g—k- = X550 X x50 d 9
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Continuity and Derivability

Q.18

Q.19

Q.20

Q.21

Q.22

68

— lim 1x0=log.k k=1
Xx—0 X

(3)
f(x) is continuous at X = % , then

lim f(x)=f(0)
X—n/2

. 1-sinx 0
or A= lim —form
xon/2 t—2x ' \0

Applying L-Hospital’s rule,

a= lim 22X 5 im X _g
xonl2 — xonl2 2
(2)
x2 —

limf(x)= lim =lim(x+3)=6
X—3 Xx—3 X — X—3
and f(3)=2(3)+k=6+k
--f iscontinuousatx=3; .. 6+k=6
= k=0.
(3)

. A1+ kx — 1-kx
LH.L. = lim =k

x—0" X

RHL = lim(2x*+3x-2)=-2
x—0"

Sinceit iscontinuous, L.H.L =RH.L = k=-2.

(1)

1-cosx X
f(x)= x *Y continuous at x = 0
k ,X=0
2
lim f(x)=f(0)= lim 2SN X/2_
x—0" X— X
2
. 2sin“x/2 x
= lim————=k=k=0.
Xx—0 (X) 4
2
(4)
1
ex -1
Given f(x)={ 1 , X#0
ex +1
0 ,X=0

Q.23

Q.24

Q.25

Q.26

1
. oex-1 e°-1
. lim =— =-1
x—0t = e +1
ex +1
1 1
i ex-1 1-ex 1-e” -1
= 0™ 1 1 1+€”

ex+1 l+ex
So, Iing)f(x) exists at x = 0, but at it is not
X—

continuous.
(3
22 +7 X2 +7

91 0729

~ 2x%+7
X-DX+D(x+3)
Hence points of discontinuity are
x =1, x ==1and x =3 only.

(1)

2
f(5) = limf(x) _ |jm X_—10X+25
x5 x—5 x2 —7x +10

. (x-5)? 5-5
= lim = =
x—>5(X—-2)(x-5) 5-2

(3)

For continuity at x =0, we must have
f(0)= limf(x)
x—0

. cot X
= I)!T(x +1)

1 X cot X

= lim{ @+ x)*
x—0

. X
1 lim (—j
= | xo0\tanx

= lim< @+ x)X —el-e
x—0
(1)
It is obvious that |x| is continuous for al x.
Now, Rf'(x) = lim w =1
h—0 h

|0-h|-0 _
—h B
Hence f(x) = |x| is not differentiable at x = 0.

Lf'(x) = lim 1
h—0



Q.27

Q.28

Q.29

)
Panl
f(x)=x sm;,x;toandf(x)qu:o

Since at x = 0, f(X) is a continuous function
. limf(x)=f(0)=0
* x>0

. 1
— limxPsn==0=p>0,
x—0 X

is differentiable at , if exists

.1
xPsn=-0
= |lim ——X  exists
x—0 x—-0

; p-1g 1 .
= limx"7sin— exjsts
x—0 X

= p-1>0o0rp>1

If p<1,then lim xp’lsin(l) does not exist and at
x—0 X

x = 0 f(x) is not differentiable.

- for 0<p<1 f(x) isacontinuous function at x =

0 but not differentiable.

lim f(x) = limf(3-h) = lim |[3-h-3|=0
h—0 h—0

X—3"

lim f(x)=limf(3+h)=1lim|3+h-3|=0
x—>3t h—0 h—0
o lim f(x)= lim f(x)=f(3)
X—3~ x—3"
Hencef is continuous at x = 3

Now Lf(@) = lim 1E=D=1E)

|3-h-3|-0 . h

=lim ————=Ilim—=-1
h—0 -h

f(3+h)-f(3) lim [3+h-3|-0
h—0 h

1

Rf'(3) = lim
h—0

LT (3)#Rf’(3) . Hencef isnot differentiableat x =
3.

(2)

im f@+h)—f()

Rf'(D) = |
We have Rf'(D) Jim o

Continuity and Derivability

i daem®oafo

h—0 h

fa-h-f@ . {a-h)-1}-0 _
-h h—0 -h

1

o -

~ Rf'@=Lf'@ = f(x) is not differentiable at x
=l x=1.
Now, f(l+0)=Lin(1)f(1+h):0

and f(1-0)=lim f (1-h) =0

f(1+0)=f(1-0)=f(0) is continuous at
Hence at is continuous and not differentiable.

Q.30 (3)

eX, x>0
We have, f(X)={ «
e", x<0

Clearly, f(x) is continuous and differentiable for all
non zero X.
Now

lim f(x) = lime* =1,

lim f(x)= lim f(x)e™* =1
X—>0- X—0 +

x—0 x—0

Also, f(0) = e® =1. So, f(x) iscontinuous for all x.

d x
LHD atx =0 =[—(e )j =1
( ) dx x=0
d/_
(RHD at x = 0) =(&(e X)j =-1
So, f(x) isnot differentiable at x = 0.

Hence f (x) = e X! iseverywhere continuousbut not
differentiable at .

Q.31 (3)

lim 1+ (2-h) =3
h—0" !

lim 5-(2+h)=3
NS R (CRE

Hence, f is continuous at x = 2

5-(2+h)-3 _
h

0 = i

= Rf'(x) = Lf'(X);

. fisnot differentiable at x = 2

Now Rf'(x) = lim -1
h—0

1
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Continuity and Derivability

Q.32

Q.33

70

(3

f(x):{xg’: iig_xl_l)r(r)lf(x)—llmf(o h)=0

g lim 100= limf(0+ ) = lim 0+ )2 =0
lim f(x)= lim f()=f(0

- i - i 110

Hence f(x) is continuous function at x = 0.

Lt = lim 1 =FO _pp FO=M=-0_, 0-0_,
x50~ X-=0 h-»0 —h h—0 —h
Rf‘(x) = lim LX) =1O)
x—0t  X=0
— 2_
i [ -f©@ . (©0+h)?-0
h—0 h—0 h

= Lf'(x) =Rf'(x)

Hence f(x) is differentiable at x =0
, 0, x<0

NOWf (X):{ZX XZO’

lim f'(x) = I|mf (0-h)=0

x—0"

and I|m+f x)= Ilmf (0+h) = I|m 2(0+h) 0
x—0
lim f'(x)= lim f'(x)=0

= x>0~ x—0*

Hence f(x) is continuous function at x = 0.
Now

Lirx)= lim 10O =@ . f(0-h)-(0)
Xx—0~ x-0 h—0 —h
= I|m—0 O:O
h—»0 —h
Rf"(x)= lim “=1O . f(0+h)-7(0)
x—0" x-0 h—0 h
= ||mw ||m2_h:2 =
h—0 h h—o0 h

Lf"(x) = Rf"(x)
Hence f'(x) isnot differentiable at x = 0.

(4)

limf(x) = x sm(l) but—lﬁsm(%jﬁlandx—)

x—0

0
lim f(x)=

x—0"

0= lim f(x)=f(0)

X—0"

Q.34

Q.35

Q.36

Therefore f(x) is continuous at x = 0. Also, the

function f(x) = xzsin% is differentiable because

h2sns—0
RF/(x) = anh

h—0

:0,

h? sin(1/- h)

Lf/(x) = lim =0.

(2)
By definition, f'() = | mow

#_(jj [;gj

. 2A+h)-5 3 . 2h-3 3

= lim = lim—
h—0 h h—0 h

_(3+2h-3) . 2h
=lim -—_=Ilim|—
h-o\3h(2zh—3))  h-0\3h(2h—3)
2 2 -2

= lim = =—
h—»03(2h-3) 3(-3) 9°

(4)

Since function | x| is not differentiableat x =0
X% =3+ 2 (X =D (x-2) |
Hence is not differentiable atn x = 1 and 2
Now f (x) = (x2 —1) | x? = 3x + 2| cos(| x |) is not

differentiable at x = 2

For 1<x<2.,
f(x) = —(x? —1)(x% — 3x + 2) + CoSX
For 2<x<3,

f(x)= +(x2 —1)(x2 —3X + 2) + cosx

Lf'(x) = —(x% = 1)(2x — 3) — 2x(x% — 3x + 2) —sinX
Lf'(2) = -3-sin2

Rf'(x) = (x2 -D(2x-3) + 2x(x2 —-3X+2)-sinx
Rf'(2)=(4-D)(4-3)+0-sin2=3-sin2
Hence Lf'(2) = Rf'(2) .

(3)

X, 0<x<1
f(X):{Zx—], x>1



Continuity and Derivability

lim f(x)= limf@1-h)= lim(@1-h)=1 (sinx+x) . {x—sinx
x—1 h—0 h—0 sin sin|
fim £0q = limf(@+h) = im2(1+ h) -1=1 = as=lm e —mx+x " x—sinx
X— 2 2
"'XILT,f(X):XlTJ(X):l l(sinx+x](x—sinxj
. Function is continuous at x =1. 4 X X
1
L) = lim faA-m-f@ _ ., a=hn-1_, =21.1 ,1+)(A-1)=0
h—0 -h h—»0 —h
Q.2 (2
, . f@+h-f@ . 2+2h-1-1
Rf'(D) = lim = lim =2 Moy - A —nw
@ h—0 -h h—0 h 1+ px —y1-px , —1<x<0
) 1 = X
L LP®#ROQ =19 %1 e
- Function is not differentiation at x =1 ) » 0=x=<1
Q.37 (3 since it is cont, so,
i ionisdefi ie [ lim
Sincethefunctionisdefinedfor x >0 i.e. not defined M f(x) = 1(0)

for x< 0. Hence the function neither continuous nor
differentiable at x = 0.

lim Vi+p(-h)-y1-p(-h) _ 1

038 (1) - 2
, . f@+h)-f@). _ _ - (1-ph)—(1+ph) 1
f'@ = lim —————=; lim =_=
@ Jim - As  function is RGNS —h{\/l—ph+\/1+ph} =—3
differentiable so it is continous as it is given that ) 1
e
lim 1N _g and hence f(1) = 0. Hence 2 2
h—->0 h p= -1/2
, . f@+h)
'@ = lim =5.
@ im = Q.3 (4)
B 1
Q.39 (2 f(x) = (x+;j X]|, xe[-2 2]

r@=1(3)=1(3)= = imi[7) -0 im im

X—>2" f(x) = h—0

(E—hjl‘ _5
2 2

Since there are infinitely many points in x €(0,1)

=5

5
. 1 -2
where f(x) =0 and nlirgof(;}o = f(0)=0 f(2) = ‘zx2

And since there are infinitely many points in the so, discontinuous a x = 2

neighbourhood of x = 0 such that now defining function
= f(x) remains constant in the neighbourhood of x
. o< B
=0= '(0)=0 3 mesxet
— ; -1<x<0
1 2
JEE-MAIN f(x) = [x+—j[x] =:0 ; 0<x<1
OBJECTIVE QUESTIONS 2 3
Q1 (1) 5 1<x<2
lim f(x) = f(0) 2 2<x<3
x—0
. cos(sinx) —cosx by defining the function we can say that this it is
lim 2 =a discontinuous at x = 0
x—0 X

2 g SinX + X sin X —sinx _a
= X2 2 2
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Continuity and Derivability

Q.4

Q5

72

(3)
y= t24t-2" x-1
_ 1
y=1 T
(x-1% x-1
_ (x-1)°
Y = i (x—1-2(x-1)?
X2 —2x +1 X% —2x +1
y= 2 = 2
X —2X° -2+ 4x -2X° +5x -2
(x-1? (x-1)
y= =

2% 4 Ax+x—2  —2X(X—=2)+1(x-2)

_ . (x=1
Y= x—2)(2x+1)

1
by = x e R—{Zﬂfz} sodisc. at 1/2 & 2 let we

asoincludex =1 becauseat x =1‘t" isnot defined.

(2)

(o0 = I {(1+ sin )" —1}

too | (1+sinmx)t +1

0 l+sinntx =1
sinnx =0
X = N7
-1 x=nn=0212,......
) ‘ 1+sinnx >1
lim @+sinnx) -1 sinnix > sin0

; t X>n
20 (sinax)’ +1 -1 1>1+si>n7rx>0

T
X > ——
2
O>x>—E
2
0 X=nn=123...
Now f(x) = -1 nX >n
175 <n<0
(i) (o) =-1 (i) f(11) =1
f(0") = -1 f1)=-1
f(0)=0 f() =0

Similarly for all integer the function will be discon-
tinuous

Q.6

Q.7

Q.8

Q.9

(4)

. . 1
L _L - _
i 19 = b

x—0

2X
Lim[e ~1-2x

x-0 | x(e®* -1)

4

f(x) = [x =1 + |[x — 2| + cos X
All three functions are cont. in [0, 4]
so sum of al these functions is also

a cont. funs.

)

e

f(x) = {\E sin(% + hﬂ

1 0 1
V2 2
U U U
(2) (1) (2)

2
2X

2X
. e~ —1-2x
Lim (—J -1

-1

|

x(€2* —1) j using L - hospital rule

Total solutions = 5

4

x—1*

f(1r) = LM e {%}: 0

: 1
f(1) = XL_'T_ x2 {X—Z} =1

Discont. at x = 1
similarly for x = -1

1 1 1
f(x) = x2 [X—z—{x—z}]: 1-—x2 {X

f0) = HM 1 _x2 {



Q.10

Q.11

Q.12

Q.13

Q.14

f(oh =1

So discontinuous at x = 0
ax=2 RHL=LHL=f2) =0
continuous at x = 2

But f(0) = 0 Q.15

(4)
_ | x -3 1
9= x—21 * 1+1x]
X # 2 1+[x]=0
[x] = -1, X e [1, 0)
And [x] will be disoint. at every integer
SoxeR-{(-,0)unnel} Q.16
(2)
f(x) should be a constant function.
(1)
RHL = Lim vi+X . V1=X _ 4 (Rationlize)

1 Q.17
LHL = 775 f(9(x)

Lim 1 | V2 cosx | —|+/2sinx|
x>07 42 Cos 2X

Lim 1 _
x—>0" COSX —SinX
cont.at x =0

(3
f[£J=ﬁ[%J+hx0+1:1 Q.18

f (_“ j —f (Ej - tan—l[tanﬁj T
4 4 4) 4
Y
i =1-—
SO jump 2
(3)

f(x) = sgn (x), 9(x) = x(x* — 5x + 6)
f(g’of;()) = sgn (x(x* —5x + 6)) =sgn (x(x - 2) (x

1 ; x(x-2)(x-3)>0 Q.19
x € (0,2) U (3, )

0 ; ~2)(x-3)=0
038
x(x-2)(x-3)<0
x € (=0, 0) U (2, 3)

g(9(x)) =
_ 1 ,

19——o

0 2 3

=1

so, f(g(x)) is disc. at exactly points 0, 2 & 3

Continuity and Derivability

(2)

g(x) = x = [X] f(0) = (1)
h(x) = f(9(x))

Let x=ael

h@) = M f({x) = £(0)

ha) = M f(gx) = £()

h(a") = h(a) hence h(x) is continuous
(4)

RHL = HM sin [nh] = [-1, 1]

LHL = M sin [en h] = [-1, 1]

So DNE

(3)

f(x) = Sgn (4 — 2 sin? X — 2 sinx)
= Sgn [(sinx + 2) (2 — 2sinx)]

f(x) =0 when x > g
- 2
=-1 sinx >1 not possible

SO isolated point dicontinuity

(1)

g(x) = tar? [x| — cot™ ||
0 = T 9
h(x) = lg(f(x))l

lim(x) _n
o et = 5
M) = g0 = 5

h is continuous at x = 0

2

lim X' -—sinx"
X200 3N 4 sinx"
ifO<x<1

then x" - O when n - o
f(x) = -1

if x>1

lim X —sinx" x"+sinx" —2sinx"
X=® M| ginx"

x"+sinx"

2sinx"

x" + sinx"
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Continuity and Derivability

Limit if x > 1 _lim 7h+3
lim _— = hio =
n—oow 1 - h-1
so has a finite discontinuity at x = 1 ] (3e—1/h +4) 0
lim B 2-eY/h -
Q20 (1) f(0) = "0 -
2
o Lim LX DD 601> .
= + 2
x—0 (el/X —1)Sgn(5inX) i 3(1—hj+4
fraction part of greatest integer in always zero. ~ h-0 s (1.1
SORHL =LHL =0 Th
So coint. at x =0
_7h-3 _
Q21  (4) = hoy -
In(e” +2Jx +1-1)(e +24x - 1) S0, not diff. & x =0
RHL =Lim =
x>0 (€ +24x - 1Wx Q25 (2
= ) = X _ X(VX +1+/x)
Lim X[x]? (n2 Vx+1-4x X+1-x
LHL = Lo —— =/n2
x>0~ /n(x +1) f(x) = x( x+1+\/§)
Non-Removable disont a x = 0 Now, RHD
o~ _ lim _ f(0+h)—f(0)
Q.22 (4) f(0) = M, = —
3 5 2 4
x® X X< X
X——+——..|-X1-——+—+.... i h(vh+1-+h)-0
Lim( 31 5 J { 21" 41 J = fim vh)
x—0 h
x2 =1
=0 since ve" values are not in domain of f(x) hence dif-
f(x) iscont at x = 0 ferentiability calculated by RHD Since RHD isfinit
Q.23 (2) hence f(x) is differentiable
10 = x (% —x+1) Q26 (2
LHL
~ _ 1im hlh-+h+1)
109 = n%o lim lim lim g n
h JMof(x) = 1M f(—n) = 'Msin? [cos h] = 5
_lm _h=h-1 RHL
“h0 hyvher T ’ y i -
Q.24 2) JMofx) = M f(h) = M sin[cos h] = 5
1/x LHL = RHL
xu . x#0 hence function is cont.
f(x) = 5 _ /X
0 » x=0 Q27  (4)
h(3ellh+4)_0 max (V4 -x%,V1+x?) -2<x<0
fr0) = Jim 2-el/h f(x) =
h—0 h min (V4-x% y1+x%?) 0<x<2
= — %2 = + %2
3(1+1j+4 y=4-x,y=1+x
_ hIim h
~ h->0
211
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Q.28

Q.29

Q.30

Y Th

20) 20 0 o| 70
(3
f(x) =x — x?

_Imaxf(t), 0<t<x, 0<x<1
%) = \sinmx ., x>1

max f(t) will be obtained when t = x. so
max (f(t)) = x — x?

, im Sinm(l+h)-0
so f'(1") = h“ o T h
_ lim sinth
= hy0 ~ T

. R _(1_h)\2 _
)= )y =0

L.H.D. # R.H.D. but both are finite so function is
continuous, but not differentiable

(4)
f (0) = )!ingf(x) =0-1+0.sin(-1)=-1

f(0) = imf(x)=0+0+0.5i0=0 = f(0)

f(x) is not continuous at x = 0

ax =2,
f2)=2+2+2sn2=4+2sn2
f2)=2+1+2sn1=3+2sin1l
f(x) is not continuous at x = 2

(2)
\/;(1+ sin%) . x>0
f(x) = —&(Msin%) , x<0
0 v X=0
£(0) = f(0+hg—f(0) h|i_r)n0 q

) (1+sinj
= lim U N — ot defined = not differ-

~ h->0
7

entiable

Q.31

Q.32

Q.33

Continuity and Derivability

f (0+) - hlino \/ﬁ(l-i- sin%)

; h 1
lim =
hs0 U (1+ smhj

_ lim (LJ (1;'”;]

~ h-0 \/ﬁ (1/h)

=

_ lim L o1
= hoo Jﬁ {h+h3|nﬁ}

1
O

®3)
f(x) = max {x%, (x — 1), 2x(1 — x)}

0<x<1

y=(x-1)

so, (3)

(3)
fx) =x®*—x2+x+1

max (f(t));0<t<x for0<x<1
9(x) =

x2—x+3;1<xs2

max {f(t)} will be obtained when ‘t" would be max.

so, t = X.

so, max {f()} = x*-x2+x+1

fr(1y= fim fa+h)-f@ _ lim (1+h)2 -(@1+h)+3-2
M)=nS0 =5 “hoo h

= not defined

so not derivable

Now check cont by,

f(17) = M f(1 + h)

= Mm@ -@en+3
=3

& f(1) = 2

f(1*) = (1)

so f(x) is not continuous

(2)
differentiability at x = 0
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Continuity and Derivability

Q.34

Q.35

Q.36

Q.37

76

2

[h]+[—h]}5
h
hl a
log, (al[h]+[-h]) T
o) :
a—l
- h(log, a) —(2h+5)
lim <Y T -0
h—0 Re03+dm
2
IR
(—h) +h -5
oga(alln] ) |
o)t :
(—h) . a—(2h+5)

W et

So continious & differentiable.

(2)
f(2)=1@) =2
& P@E)=f@3)= 271

3)

y=X+1

(1)
(2)
%"’a (0,10) gl":) 0<ach
(-5,10) ' =
(a6, 6) (b-a6) Z— io
(05) -
f(x) =max (5-x, 5+Xx, 10)
5.0 (5,0
a-x=b
a+x=b

fx)isnotdiffaax=a-b&x=hb-a

Q.38

Q.39

Q.40

Q.41

Q.42

Q.43

Q.44

(1)
(2

(4

f'(0) =p+q

f'(O)=—p+q

ffOY)=f(0) = p+gq=0,reR
(1)

gx) =[x] +1

h(x) = g(sinx) = [sinx] + 1

[sinx ] is discont at x = g

T
= [sinx] + 1 is also adiscont at x =

(2)
f(x) = [tan? X]
_ Lim _
RHL = - 0. [tan?x] =0
_ Lim _
LHL = IO [ta? x] = 0

Socont. at x =0

©)

f() = X2 + yJ(x - [x])?

2

fx) =0

Dlscont. at every integer because [X] is discont. at

every integer.
But f(x) is cont. at x =1
So option (3) is correct.

(2
e _ Lim f(O+h)—f(0)
f(O)—h%0 f_zio
, _ Lim f(O-h)-f(0) _
f'(0) = ho0 —  _h =—(=%0
Non. diff. But cont. at x = 0
(3
h
. — -1 . h —sinh
_ Lim ¢ — lim —=""
RHD“h—)O §E%%—— ~ h->0 h2
-h
oo —— 1 . —h —sinh
_ Lim gj _ Lim —=>" "
LHD = h—0 —Sln: ~ h-0 h2
Non. diff. ata x = 0
RHL =1 Discont.
LHL =1
(1)
LHD (x = 1) = RHD (x = 1)
l1=2a+b (1)

LHL (x = 1) RHL (x = 1)

—> ©



Q.45

Q.46

Q.47

Q.48

Q.49

l=a+b+c ..(2)
b=12a3 c=a

(4)

RHD (at x =0) =0; LHD =1
RHD (at x =1) =2; LHD =2
RHL (at x =0) = 0=LHL

RHL (at x =1) = LHL (x =1)
Diff. and cot. at x = 1

Non diff. x = 0 but cont. at x = 0

Q.50

(2)

If fis differentiable everywhere.

then |f| will also be diff. everywhere.

and if two fns. are diff. then sum of then will also
be diff. everywhere

(4)

f(x +y) = f(x) . f(y), f(3) = 3
f'(0) = 11, f(3) = ?

(0 = Jim. f(x+hr:—f(x)

_ lim  f0x)-f(h) - f(x)
~ h->o0 h

Q.51

o f(h)-1
:f(X) . hlino%

@ =1 m f(0+h;—f(0)
f'(3) = £(3) . f ’(0)
f'(3) =3 x 11 = 33

[+ f(0) = f(0) . f(0) = f(0) = 1]

(4)
f(x +2y) = f(x) + f(2y) + 2xy

F(x) = h”—r>n0 f(x+hg—f(x)

Q.52

F(x) = h"—r>n0 f(x) + f(h) ; f(x) + 2xy

fx) = Im w +ox
fi(x) = f '(0) + 2
)

Q.53
X f(x)
Puty=0= f (gj =73

Lim f(X + h) — f(X)
h—0 h

= f(3x) = 3f(x)

f(x) =

f(3x) + f(3h) 8f(x) + 3f(x)
LT s

h h

Continuity and Derivability

- f(h) - f(0
_ Lim ()h © _

f'(x) =3 = f(x) =3 +c= f(x) =3
(3)

F(x) = Lim f(x+h)—-f(x)

h—0 h

Lim f(x)+ f(h)+xh-f(x)
h—0 h

_ Lim f(h)
=0 o X

f'(x) =x+3

x2

f(x) = — +3x +cC
) >

X2
f(X):7+3X:>C:0

4

4
Putx:O,y:O:>f(0):7

f(0) = 0

Now puty =0
(5] 4 2[f(x) + f(0)]
fl3) = 3

= 3f(x) = 4 — 2 [f(3x) + 6(0)]

, im f(x+h)-f(x)

e = rITI—>n8 —h

Now proceed as in question (28)

f(x) = ;

@)

, im f(x+h)-f(x)

00 = £ —h

_Lim fOQf(h) - () _ . Lim f(h) - f(0)
“h-0 h = f(X) ho0 h
f'(x) = f(x) . f' (0)

f(x) = 2f(x)

Inf(x)=2x+C :C=0

f(x) = e

4

f(x +y) = 1(x).f(y)

differentiate w.r.t. x

f'(x +y) =f(x) . f(y)

putx=0,y=5

f'(5) = f'(0) . f(5)
=3.2

. f(5) =6
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Continuity and Derivability
Q.54 (2) lim h
2tan x +5x—-2=0 x—n*
: = h(x) is continuous V X € |
= h(x) iscontinuous V x € R

00 = i t({x}) = £(0)

Q.4 (D)
Q.5 ©
Q55  (3) Q6  (©
By using L' Hospital rule .
. sinjcos| = +h
Lim 2F'(x) = £'(2x) + 4F'(4x) RHL = 1 _ Lim { (2 j}
= Hm = Lm; f(X)= hso
Again e
Lim 2f"(x) - 12f"(2x) + 16f"(4x) _ Lim Sin{-sinb}
= x50 2 =12 ~ h->0 h
Lim Sin(1-sinh)
JEE-ADVANCED S R
OBJECTIVE QUESTIONS DNE
Q.1 ©)
T . 1-cosh /n(cosh) Q.7 (B)
fl=| = lim > 5
2) T 50 4n® in[1+4h?]
Q.8 (©)
2 (sin?h/2)  4n? ima'-1
— lim K = Lim =
= h_>016><16( h2/2 J /mn(L+4h?) - RHL = 170 h tna
. -1-h _ 1
zn(l—zszinzh/z) 2sin*h/2 LHL = M a_l—_hl: 1-7
: . >
2sin”h/2 h=/2 f(x) = fma = Discont. at x = 0
1 1
= —.11(1) 1= —— Q.9 (©)
64 64 X = tano
f(x) = sin™ (cosec 260)
Q.2 (© sin? is defined for [-1, 1] only
By using rationlization So cosec 26 =1 & -1 only _
5 5 5 R Hence neither continious Nor differentiable at x
(@ —ax+x?) - (@ +ax+x =
f(0) = Lim ( )—( ) 1
x—0 (@a+x)-(a-x)
Q.10 (A)
(Va+x ++Ja-x) lim f(x) = lim x2e20D =1
X -1 X—1
(\/az—ax+x2+\/a2+ax+x2) fx(1) =1
2ax [2@ J m 100 =M 2 sgn (x +1) cosa(e-1) + b
_ —_— =all+b
2X 2a for continuity a+ b =1
- 2420
f0=-1a LHD (x = 1) is lim- =€ -1
h—0 h
Q.3 (A) o q
60 = x— [ = {x} < [0, 1) _ lim2e? +he +[_j
g(x) is discontinuous only at x € | h—0 h
Now h(x) = fog(x) = 2+0+2=4
h(x) is continuous V x € R — | RHD (x = 1)
Let x < |, consider x = n . asgn(2+h)cos2h +b(l+h)? -1
h(n) = f [g(n)] = f(0) 'Srll'_% h

x”ﬂ h(x) = XIergff({x}) = (1) = (0)
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Q.11

Q.12

Q.13

Q.14

Q.15

= lim

acos2h+b+bh? +2bh—(a+b)

h—0 h

Hma{gE%?:Ej+bh+2b -2

f(x) is differentiable at x = 1 if
= b=2 a=-1

(B)
f(x) = [X][sin nx], x € (-1, 1)

1 , Xe(-1 0)
0 , Xxel0, 1
f(x) is continuous in (-1, 0)

(D)

1
g(z]:f D=0

1+
{3}=ﬂm=nn=o

.
g(j{]:fW]:fw):1

Discont. at x = 3
©)
| f(x) - f(y) |
X-y
Lim | fOO—f(y) | < Lim X —-Y)
X—=Y X_y - XY
f'(x) =0
= fx)=C

= f(0)=0
- C=0 f(1) = 0

~

<(x-vy)

(D)

T

10" 1 2 3 4
Discont at x = 1, 2, 3
Non. diff. at x =1, 2, 3

(D)

[n+psinx] =n[psnx]

Continuity and Derivability
[p 9nx] isnon. diff. where p Sn x is as integer but
Pispimeand 0 <dnx <1[0<x <]
p sin x is an integer only when

sinx = ;whereO<r<pandr e N

r
P

. T
Forr:p;smlezxzim(o,n)

r
p

r r
—anl | — el | —
X sin (p] orm sIin (p]

Number of such valuesof x=P-1+P-1=2P
-2
Total No. of points=2P-2+1=2P-1

ForO<r<p;sinx=

Q.16 (D)

[sin0]=0 0<x<1
[sin]=0 1<x<?2
[sin2]=0 2<x<3
f(x) = [sin[x]] = 1[sin3]=0 3<x<4
[sind]=-1 4<x<5
[sin5]=-1 5<x<6
[sin6]=-1 6<x<2n

f(x) is discontinuous at (4, —1)

JEE-ADVANCED
MCQ/COMPREHENSION/COLUMN MATCHING
Q.1 (C,D)

Q.2 (A, B, C)

, Xel

0
f() = [x] and g(x) = { 2

X“, XeR-1
l =limx?=1 -
lim g(x) = lim x , butg(1) =0

limf(x) = lim[x it g =
Hl( ) Hl[ | doesnot exist sinceLHL =0 and

RHL =1
gof(x) = g([x]) = 0
= gof(x) is continous for all values of x

0 , xel
fog = [x?] * xeR-I

_ lim fo =0 lim fo =1
fog() =0, limfog(x)=0 Jim 9(x)

fog is not continous at x = 1
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Continuity and Derivability

Q.3

Q4

Q.5

Q.6

Q.7

Q.8

80

(A, B, C)
Lim Q9 (B, D)
x—l>1+ Ix—3[=2
3
2 3-| cot 1 & 2_3 x>0
Lim (X_J 3 (3_)(] L18 _ 5 f(x) = N
x>l | 4 2 4 {x?} cos (e*) for x<0
functioniscont. at x = 1
function is also diff. at x = 1 and will be cont. at . 2
X =3 RHL Xﬂ”}s-{cotlzxzﬂzg_g:o
(A, B, C) X
f(x) = [X] + yx=[x] cot™ (- o) - [n] =3
Lim . .
fx) = [x] + J{x} = x—={x} +x}| > aways LHL o {x%} cose’
positive Xx=0-=h
f(x) = x _ X n
f(x) is continuouson R, R, R — | rlffz) {hl} COSf =0
0 X 1
(By D)
i - .10 B, C
tx) = HM (sin x> Q (8, C)
1 2 2
— - —n
1,; x=n/2 f a0 = (sinee +1 3
f(X) = 0 , X< TE/2 +n
w0 X>m/2 put n =
f(0) = [{a finite quantity b/w (-1, 1)} x 0] + 1 =
+ 1
T
A1 C,D
3 function is not cont. at x = g Q ( )
f(g Jzo f(X)=§—1on[0,n]
=322 = 2 2 g X %
function is discont at x = g & infinit number of 2 T fx) T x—=2'" " 2~ 2

. X
o f(x) = 2(1 + x) is continuous —1 < Sol< 5=
(. 8.D) 1~05

“[sini] -
f(x) 2 [sini] tan f(x) = tan (Tj
Df:['nx]?%toﬂ 2
- is COﬂt.—ﬂ/ZETl ini2

0.5

T
X € (2nt + ©,2nw + 21) U {ZHTH'E}

1
——~ Wwill discont at x'= 2
cont. when x € (2nrt + =, 2nm + 2n) f(x)

f(X) has the period of 2r
Q.12 (A, B, C)

(B, C, D)

(A) f(x) is continuous no where Q.13 (A, B,C)
(B) g(x) is continuous at x = 1/2

(C) h(x) is continuous a x = 0 Q.14 (B, D)

(D) k(x) is continuous at x = 0

y=t(x)=

(sin?x)®cosl/x x=#0
x=0

(A, B, C)

o
2



Q.15

Q.16

Q.17

f(x) can be discontinuous only at x = 0 in [-1,1]
So we check only at x = 0

(sint=h)?2 cos[— rﬂ -0 Q.18
—h

2
. sin—h 1
r|1|m_ .hcos|—| = _1. 0. [finite
-0 n n

quantity between [-1,1]] =0

-
. !sm —h! 1
RHD (x = 0) is Amh 5 .cos(—j =0 0.19

LHD (x = 0) = lim

n n

Hence f(x) is differentiable as well as continuous
in [-1,1]

(A, C)

n
f(x) = Zak|x|k
k=0

f(x) = g X’ + ax| + axP +.....+ a|x]" = f(|x|)
f(x) iscont. at x =0 V dl is

2k + 1 means al odd a’s

f(x) = a, + ax® +ax* +.......

f(x) will be diff. at x =0

(A, B, D)
f0)=0
f(0*) = [0 = 0 Q.20
f(0) =[0] =0
f(0) =07 =0
So f(x) iscont. at x =0
f(1) =0
f(1*) = -1 So discont. at x = 1
= Non. diff. aa x = 1
(A, B, D)
f(x) = y1-v1-x?
D,:1-x*20 = -1<x<1
RHL (& x=0) =0
LHL (atx=0)=0 cont. at x =0
_ Lim f(0+h)-f(0)
RHD = 7o h
_ Lim V1-v1-h? -0 Q21
Theo T
[ W2
_ rI1_irrg) 1 1op2 1tvi-h®
2% h 1++v1+h?
_um 1|11+ g
=0 h V1441402 2

Continuity and Derivability

LHD = 1
)
(A, C)
. 1—x" 1 ; x<1
f(x) = n'-'j; —— = o x>1
1+x 0; x=1
f(1") =
f1) =1

f(x) isaconstant in0<x <1
f(0Y) =f’'(0) not diff. at x = 1

(AC)
f(x) = |[X]¥] -1<x<2
-X =-1<x<0f| Lim0=0: LimO0=0
(0 0 0<x<1 |x=20° 5%0’
X) = cont.at x =
X 1eX<2 {0t diff. at x = 2
4 x=2
/| P /
-1 0 1 2
(A, B)
T
f(x) =1+ x . [cos X] O<x£§

()23

T
function is cont. is (01 E}

17| _ Lim 1-hlcos(-h)]-1 _
12 | =n50 — - =1

. T
diff. at x >

(B, D)
1

f(x) = (sin? x)? . cos (;) if x=0

=0 if x=0

Lim g 1

LHL = RHL = ;" (sin™ x)? cos X

= 0 x [a finite quantity b/w (-1, 1)]

=0
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Continuity and Derivability

Lim (sin"th)? cos(;] Q.26 (A, B, D)
P00 = w50 sint x + Jy| = 2y
h sntx=2y -y
sinth y =snt x
= PI;LHEJ ( h J (sin h) cos(1/h) y is defined for -1 < x <1
=1 x (0) x (a finite quantity) Q.27 (A, B, D)
=0
f(0) =0
(A)
Q.22 (B, D)
y =X y = |sin x|
N VD <B>%L
2| e ©hX)=x x>0  =-x2x<0

Q23 (A, B, C)

Not diff. at x = 0 LF,
f(x) =3(2x + 3)¥ + 2x + 3

-3
f(Tj =0-3+3=0 (D) ‘(O'”

cont. every where Comprehension # 1
frx)=-2@2x+ 3 +2 Q28 (C)
2
L Q29 (C)
@2x+3)Y3 *7?
3 Q30 (C)
atx == - ; f(x) isnot defined (28 to 30)
g(t) = lim (1 + atan x)?
x—0
Q.24 (B, D)
f(X) =2+ |sin-1 Xl lim iatanx lim tataﬂ
g(t) - ex%OX - exao X
g(t) = e* =€
-1 +1 a(x) = e*
v a=2g() = e
S . . 9(2) = ¢
1 function is continuous everywhere in its domain
1 but f(x) is not diff. at x = 0 (o) = x e , X<0
®) = Ix+ax?=x3 , x>0
Q.25 (A, B, D) .
lim f(x) = lim x+ax?-x2=0
x—>0+ x—0+

1
f(x)=xzsin£;),x¢0
=0,x=0

lim f(x)= lim xe*=0
x—0~ x—0~"

f(0) = 0
cont. at x =0 ae(ooo)
£(0%) = £(07) = f(0) = O ,
. f(0+h)=f(0)

: im hZsinl/h _ | 1 f0) = lim 2TV ZRE

f (O*) = l’ll'll:rg) T = I’I]‘L)r% h sin E =0 h—0+ h
2 3

o =0 _ jm Dran®op®
Diff. aa x =0 h—0+ h
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Q.31
Q.32
Q.33

Q.34

o= fim f©@=h)-f(@) . he™" _
(o) = hILnS* -h - hILrg* h =1

Comprehension # 2

(B)
)
(B)
(31 to 33)
Given function f(x) can be rewritten as, f(x) =
o , x<-1
1+x , -1<x<0
1-x , O0<x<1
o , x>1
0 , Xx-1<-1
1+(x-1) , -1<x-1<0
=IX=D=1_(x_1) , 0<x-1<1 O
0 , Xx-1>1
, x<0
, 0<x<1
b= 2-x , 1l<x<2
o , x>2
0 , X+1l<-1
1+(x+1) , -1<x+1<0
aso, f(x+1)=|1-(x+1) , O<x+1<1 orf(x
0 , X+1>1
0 , X< -2
2+4x , —-2<x<-1
+1) =
-Xx , -1<x<0
0 , x>0

Now, g(x) = f(x - 1) + f(x + 1)

o X< =2
2+x , —-2<x<-1
-Xx , -1<x<0
x , 0<x<1
2-x , 1<x<£2
o X>2

It is easy to check that g(x) is continuous for all x
e R and non-differentiableat x = - 2, -1, 0, 1, 2.

(A) > (p.1,9), (B) > (p. 1, 9), (C) > (q. 1. 9), (D)
- (r, 9

Consider the graph of 2 cos x in (—r, 7). 2 cos x
is integer at 9 points.

Continuity and Derivability

[2 cos X] is discontinuous at 7 points in (—x, )
Similarly from graph of 2sinx, we can observe that
[2 sin x] is discontinuous at 7 points
(continuous at —rt/2, =)

[2 tan x/2] is discontinuous at 4 points (continuous
at —n/2)

[3 cosec x/3] is discontinuous at 4 points (continu-
ous at m/2)

y = [2 cos X]

y =[2sinX]

FE N W

y = [2 tan x/2]
y = [3 cosec x/3]

AY

> X
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Continuity and Derivability

Q35 (A)-S; (B-RT; (CO)-PR; (D)RS
(A) Total function = 3% = 81
41x3
onto function = S0 C 36
Into function = 81 — 36 = 45
So difference = 45 -36 = 9
® JM o fx)=-1 £ <0aways
So function is decreasing
i f(x) ; f(x)
lim 2220 _ lim 2240 _
&)XA)—Z'F{X}_:L&X—)—Z_{X =0
(C) Function will be non differentiable at
x=1&x=3
lim 3(X)
([)) Xx—0 :2)(
tan_g (1 +sec x)(1 + sec 2x)(1 + sec 4x) (1 + sec 8x)
2X
=8 k=8 k=3
Q36 (A)—> (P arn B —->{Ers),(C)—>(prs9), (D)

(NS
(A) f(x) = |x¥ is continuous and differentiable
(B) f(x) = \/m is continuous
1 X
2Ix1 " 1x]

{does not exist at x = 0}
(C) f(x) = |sin? x| is continuous

fr(x) =

sintx 1

1-x°?

f'(x) = .
) |sintx|

{does not exist at x = 0}
(D) f(x) = cos? |x| is continuous
f0=
'(X) = L
Vi-x2 x|

{does not exist at x = 0}

NUMERICAL VALUE BASED

Q1 [4
1 , x=0
0 ., 0<x<1/2
1, 1U2<x<1
fX)=5_4x , 1<x<5/4
4x-5 , 5/4<x<?2
6 , X=2

84

Q.2

T
y= 2x2+12x+16\/

[=]
t

12 1 54 2

o—e

f(x) isdiscontinous at x =0, 1/2, 1, 2in [0, 2]

[26]
y =1(x)

y=2-|X| 4x—x"-2
2 \/\ 13

-119

y = f(Ix])

4x-x'-2
N [\/ W .
— —

-119

(nj . 1-cosh ¢n(cosh)
fl=1 = lim > 5
h0  4h2  (n[L+ 4h?]

, 2 (sin?h/2 4h?
h>016x16\ h*/2 ) ¢n(1+4h®)"



Q.4

Q.5

/m@-2sin*h/2) 2sin®h/2
2sin’h/2 h?/2

= 1.1.(-1) 1= -1
2L (-1) .1= 64
= of =64 =254, &, 64
[16]
wehave
lim f(X) = lim (sin(—h) + Cos(_h))cosec(-h)

x—>0~ h—0*

»

lim _q —cosech
hso* (cosh — sinh)

1 (cosh—sinh-1)

hlirg (1+ (cosh— sinh—1) (cosh-sinh-1) " (~sinh)
—

I|m cosh-sinh-1
h-0* € —sinh

=€
1

. . eh 42/ 4 g¥h
Now wehave 1M f(x)= lim
Xx—0" h—0* ae—2+1/h +be—1+3/h

_2 -1
_ lim eh+eh +1 €
h-0" (ae?)e?"+(be™) b

If ‘f" iscontinuousat x =0, then

e
e=a= givesa=eandb=1
[7]
y = |sinx|
NN N\ N\
21 - _o—n/2 b 2n
y =sin|x|
. Pad
—2i\_fn 0 mN\_ A2

y = f(X) = [sinx]| + sin|x|

-3n —2=n - Q m 2n 3n

Q.6

Q.7

Continuity and Derivability

f(x) is continous every where
f(x) is not differentiable at x = nn
f(x) is not periodic

[4]
Differentiability at x = 1
fr(l_) - Lim

h—0

sin[(1-h)?] =
(1-h)?>-3(1-h)+8
-h

+a(@-h?+b-(a+b)

3
_ Lim a@-h)"-a (% formj = Lim

h—0 —h h—0
3a(1-h)?
1
f'(1) = 3a
. -1 A
P(1Y) = erg 2cos(1+h) n+t:n (1+h)y-a-b

_ Lim (-2cosmh+tan *(1+h)-a-b)
~ ho0 h

Function is differentiable

Lim —2costh +tan " (1+h)-2+7/2
h—0 h

Lim 5 « 1
hoo 27 Sinmh + 1+ (1+h)? -2

Now (1) = f'(1%)

saz L
2= 5

1
a= 5 (2
by (1) and (2) b= ~ - 22
y(@and (2 b=, -+
[7]
lim f(x) = lim x2e2D =1
X—1" X—>1
f(1) = 1

lim f(x) =i
o (x) JM asgn (x +1) cos2(x—1) + bx?

=all+b
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Continuity and Derivability

for continuity a+ b =1 Q.11 [17]
f(10—-x) =f(x) =f(4—-x) = f(10-x) =f(4-x
LHD (x = 1) is jim @-he -1 ( )— oo f( )— e
= Jm h = Let4—-x=t =>f6+t)=t
= f(x) is periodic with period 6.
-2h _ _
P { e 1} —  f(x)=101a x = 0,6,12, 18, 24, 30
h—0 h Since f(2 + x) = f(2 = x)
=2+0+2=4 = f(x) is symmetric about x = 2
= f(0) = f(4)
RHD (x=1) = using periodic nature
i lim 259n(2+ h)cos 2h + b(1+ h)? -1 f(x) = 101 at x = 4, 10, 16, 22, 28
h—0 h = f(5+x)=f(5-x)
_ jim 8C0s2h+b+bh’ +2bh—(a+b) X is symmetric about x = 5
" ho0 h f(0) = f(10) = X = 4, 10, 16, 22
f(6) = f(4 =0,6,12, 18,
. cos2h-1 (6) = 1) = X
= lma ——— [+bh+2b = 2y Total different values of x are 04, 6, 10, 12, 16, 18,
22, 24, 28, 30

f(x) isdifferentiableat x =1 if 2b=4
= b=2 a=-1

Q.12 [10] sz(a“‘) = 2048 (2 1)
=1

Q.8 [0
As O<{e} <1
or fa+1) +f(a+2) +......... +f(a+n)=
im -1 2048 (20 — 1)
oo {e*}" +1 f(x +y) =f(x) . f(y)
= fx)=—1vxeR f0)=1,f(1) =2
Q.9 [3] or f(x) = 2
f(x) = [x sin nx] Now f(a+1)+f(a+2)+..... +f(a+n)
graph of f(x) is as shown in the figure =22[2+4+ ... +20 =22 2(2" - 1)
or 2048 = 22+1 ora=10
f(x)
T KVPY
< : > X PREVIOUS YEAR'S
o— Q.1 (B)
discontinuous at x = 2
5
Q.10 [12] F(f(x))=t (X—+2j
Given f(0) = 4 X
lim 2f(x) — 3f(2x) + f(4x) 0 X+5+5
x—0 X2 0 X—2 _ 6Xx -5
form (X+5_2) -X+9
using L' Hospital rule X-2
lim 2f'(x)-6f'(2x) + 4f'(4x) 0 6x—5
x—0 2X 0 =
9-x
form _ At x = 9t is discontinuous
using L’ Hospital rule
lim  2f"(x) —12f"(2x) +16f"(4x) Q2 (B)
x—0 2 .
f(x): sm2x, XeQ
2.4-12.4+16.4 tan“x, xeQ
= S —— 12
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Q.3

Q4

Q.5

if iscontinuousat x =0, ©

SO 2 points

sinx = tan’x = sin x(cos’x —sinx) =0
sinx=0

Xx=0,7
sSin’x +sinx-1=0
1+
SINX = 1_\/5
2
sinx:\/gz_1 2values

Total 4 points

(D)
Definition can be break as

g0 = [ f(x-y)dy
X—y =t;—dy. dt
o) = [ f(t)t

0 x<0

X O<x<1
9= 92_x 1<x<2

0 X>2

Now, check yourself
(B)
f (x) = X |sin X

xsinx,sin >i.ee[2nm,2nm, 2|
—sinx,sinx < Oi e(2nn+n,24nn)

f‘(nn):”mwznmm
X—4n X —Nm x—4n X — 47t
= distatx=0
©)
2 n
F(x) = X |cos;|x¢0
0 x=0

The possible of non differntial of f (x)are

X= O,Lwheren el
2n+1

Whenx =0 um:aMQQXﬂamgko

Hence f (x) iscontinuousat x =0

Now (01 = lim (0= =0
ow f (0) = Xm_—h
h2cos™
~lim h_o
x—0 -h

Q.6

Q.7

Continuity and Derivability

Similarly Rf* (0) = 0 hence differentiable at x = 0

Clearly non differentiable at x =

(A)
f(x)=1forx=0
forx=0,f(x) =1

.1 o1
= xsn—=1 = s§in—=

X X

= sin 0 = 0 which istrue only when
As 0 = 0soitisnot possible

(D)

Letf(x)=f(y)

So, [f(x) =f ()= x-yl|
=>02x-y|=x-y=0=x=y
= f isone-one

Since, f is continuous

So f (0) isfinite

Now, | f(x) —f (0)] > |[x=0]

= M f(x)-f ()= limx]

X—00

= lIm f(x)=c

X—>0

= f isunbounded
= f issurjective

JEE-MAIN
PREVIOUS YEAR'S

Q.1

Q.2

Q.3

(1)
. ) 1
Non differentiable at x = —5 1

(5]
Using graph of f(x)

_2
2n+

nel

1
X
0=0

5 point

)

f(x) - f(y)
x—y |kl

= )< 0
=f(x) =0
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Continuity and Derivability

= f(x) = constant
=fx)=1

Q4 (1)
If f is continuous at x=—1, then
f(-1)=f(-1)
= 2=|a-1+b|
= |atb-1]=2 (i)
similarly
f(1)=f(2)
= |atb+1|=0
= atb=—1

Q5 (1

Doubtful pointsarex=n,n e |

. 2x -1
LH.L= lIm[x-1] cos n
X—=>n

2x -1
=(n—2)cos{ 5 }c =0

. 2x -1
RH.L.= lim [x—1] cos n
Xx—n 2

2x -1
:(n—l)cos[ 5 }czo

f(n)=0
Hence continuous

Q6 (2)
_{g(x)+2, g(x) <0
7089 =71 g(x)%  g(x) 20

x*+2, x<0
={x5, x €[0,1)
(3x-2)%, x e[l o)

3x?, x<0

5

(Fog)) = 6X >, x (0,1
2(3x—2)x3, xe(1, )

At'O'

L.H.L.# RH.L. (Discontinuous)

At'l

L.H.D.=6=R.H.D.

= fog(x) is differentiable for x € R —{0}

Q7 (3
Lim f(x) =f(0) = Lim(x)
Xx—0"

x—0"
cos }(1-x?)-sin}(1-x)
x> 0F X(1-x)(1+x)

88

Q.8

Q.9

x—0

11 2
Lim cos ~(1-x ).E
x—0" x-1-1 2
Letl.x2=cosO
ELim

0
2 x—0" /1—cosh

_ cos‘l(l—(1+x)2)sin‘1(—x)
Now, Lim 3
x>0 @+x)—(2+x)
g(—sin‘lx)
im
x>0 (1+X)(2+X)(—X)
T
iisinflx oz

Lim
x—0"1-2 X 4

= RHL #LHL

Function can’t be continuous

= Novalueof o exist

[1]

f)+1 (<0
afCN = (t(x)-12+b f(x)20

x+a+l Xx+a<0& x<0
|x-1[+1 |x-1<0& x>0
gif)] =| (x+a-1)*+b  x+a>0&x<0
(Ix=1]-1)*+b [x-1|20& x>0

X+a+1 X €(-o, -a) & X €(—o, 0)
[x-1]+1 Xed

glf(¥)] =| (x+a-1?+b x [(-a =) & x &(—», 0)
(Ix-1]-)°+b  xeR&x e [0, «)

X+a+l X €(—o0,—a)
x a 1> b x [ a0)
|(Ix-1|-D*+b  x €[0,)

g(f(x)) iscontinuous

glf(a] =

ax=.a & ax=0
1=b+1 & (@a-1?+b=b
b=0 & a=1
=at+b=1

[6]

. cos(sinX) —cosx
im S(sinx)

~£(0)

X4



Continuity and Derivability

. . Q12 (1)
Zsin(sm;rxjsin(x_smxj Q.13 [4]

lim 2 )_1 Q.14 (1)
x>0 x* K Q.15 (1)
. . Q.16 (3)
”mz(smx+xj(x—smxj:£ 017 [39]
x>0 2 2x° K Q.18 (3)
ST on
2 2 6 K Q-21 (2)
K=6 Q22 [1
Q.23 [2
Q.10 (4 Q.24 (3)
Q.25 (1)
1 =1 Q26 (1)
(f) x=1 I Q.27 [14]
ax’+b, |x<1
at x = 1 function must be continuous JEE -ADVANCED
So,1=a+b (1) PREVIOUS YEAR'S
differentiabilityatx =1 Q1 (B, C,D)or (BC)
f(x) = kx
1 = (2ax) Hence f(x) is continuous & differentiableatx € R &
x* ) x=t f '(x) = k (constant)
1=2a a= _% Q2 (A,B,C,D)
T T
@ b=il+=- @ ax=-5u(-3) =o=1(-3)
2 2
Q.11 (4 Rf [— g) = 0 = continuous
f.(x) iscontinuousgt x=0 (B) ax =ORF(0) =1
1im f(x) = £(0) = lim f(x) (D) Lf'(0) = 0 = not differentiable
f(O)=b ..(2) (C) ax=1Rf"(1)=1

Lf'(1) = 1 = differentiableat x = 1

lim f(x):lim(s'”(a”)xﬁ'”sz 3 x
x—0" x—0" 2X 2X (D) ax=-5>-7
2 2
a+1l
=——+1 ..(3) , , 3
2 = f(x) = — cos x = differentiable at x = 5
lim f(x) = lim 220 “”bx —x
x—0* bX
Q3 (A
_lim (x +bx®—x) 1
0 1 (V1 X + % ) R =
X = = —
Ilm \/; 1 bx -1 b (bX—l)
=hm =5 ..(4
x>0 \/;(\/1+ bx? +1) 2 @) —(1—b]
Use(2), (3) & (4)in (1) F(x) = bb b, f/(x) <0V x (0, 1)
-1
1op_2tly el (b=
2 2 2’ Range of f(x) is (-1, b)
-3 S0 range # co-domain
a+tb= B} so f is not invertible

f1 doesnot exist
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Continuity and Derivability

No comparison with 2
Q4  (B)
() for derivability at x =0

Zim w /im

LH.D.=f'0)= Am s = fim

h2

Jcos _r -0 .
( h]‘ = Am _p,

h—0*
—h

cos =
h| =0

v~ fim [O+h)=f(0) _ fim
RHD £1(0) = I} =——— —— = ¢

hz.cos(nj‘—o
h

h
(ii) check for derivability at x = 2

o f(2+h)—f(2
RHD:f'(2+)=hQrg)1—( ; (2 _

=0 Sof(x)isderivableatx =0

2 LN |
Jim (2+h) .cos(2+hj‘ O: Jim
h—0" h—0*
h
(2+h)2.cos| -
2+h
h
T
2+h
:hﬁlr(r)l 2+ ) sm(z 2+hj
” h
(2 +h)? sm[ rh ]
_ 4im 2(2+h) T
h—0" T h 2(2+h)
2(2+h)
"3 -
f(2-h)-1(2)
fim Ae7 )74
LHD = Am p
Jim (2-h)%. cos( h]‘ 0
:h—>0+ —
—h
2 T
_ im @70 ( COS(Z—hB % _ tim
h—0" h—0"

-h

90

Q.6

Q.7

o' E 22-h)
2(2-h)

So f(x) isnot derivableat x = 2
(B,D)
f(2n) =a, a,=b,+1
f(2n*) =a, a,-b, =1
f(2n")=b, +1 So Bis correct

f(2n+1) =a, a, =bpq -
f(2n+1)") =a, a, —byy =-1
f(@n+1)")=bys-1  a,,-b,=-1
So D is correct
(AD)
Consider
h(x) = f(x) —g(x) Assumea<hb

h(@=2-g(@ >0
h(b) =f(b) —A <0
elseif a>bh(a) <0and h(b) > 0.
By intermediate value theorem = h(c) = 0
..... Q)
(A) (f(c))? + 3f(c) = (9(c))* + 39(c)
(f(©) —9(0)) (f(c) +g(c) +3) =0
So there exist a'c' : f(c) — g(c)
from (2).
Hence A is correct.
(D) Similarly (f(c))? = (9(c))?
(f(c) —9(0)) (f(c) + g(c)) =0
= (D) is correct.
B & C arewrong as by counter eg
If f(x) =g(x) = A =0, then
B —» A2+ X =22+ 3\ isnot possible.
C— A2+ 3\ =A%+ Aisnot possible.

[3]

X+1 x=>0
FO=K+1=1 511 x<0

(—1=,O) (1,:0)




Q.8

Q.9

gx)=x2=1
Number of Non-differential points 3.
(D)
00 = G00r-| % X <O
ot ! e x>0
x> x<0
LX) le2x 1 x>0
/y
<€ \) > X
v
£,(x)
<€ > X
4
A ()
\v/\ 35 X

f,(x) is many-one onto, continuous and non-derivable
f,(x) is many-one, into, continuous and derivable
f(x) is one-one, into, differentiable

Hence R— 2

so (D)

p—>1L,9g—->3R—>2S->14

(A.D)

90=0,g©=0g(@D)=0

x>0
Xx<0

ax)
f(x)1—9(x)
0

(h(x)) = gle™), h(f(x))=els)

h(x) = €

Q.10

Q.11

Q.12

Continuity and Derivability

L(r(0) = Jim, 220 )=
R(h'(0)) =1& L(h'(0))=-1
So h(x) isnon derivable. at x =0

jim 1000 =1(00) _ iy 9(€")-9(1)

Now x—0 X x—0

R(F () =, im, HE=00)

_ lim g(e*)-g(D) e*-1

x—0" eX_1 X = g'(l)

L(f '(h(x))) =_g )
Hence f(h(x)) is non derivable at x = 0

Since x = 0 is repeated root of g(x) So gld9Xl is

differetiableat x = 0
hence (A), (D)

(A,B,D)

f(x) = xcos(n(x + [X])

Check continuity at x =n

f(n) = ncos2nmt = n

f(n*) = ncos2nt = n

f(m) =ncos(2n—1) = =—n

It is discontinous at al integer points except 0

[2]

P, y) tfx+y) =f0)f'(y) + () f'(y) ¥x,yeR
P(0, 0) : f(0) = (0) f'(0) +'(0) f(0)

= 1= 2'(0)

:>f’(0)=%
P(x, 0) : f(x) = f(x) . '(0) + f'(x).f(0)
:f(x):%f (x)+F'(x)

=1(x)=21(x)

:f(x):eéx
=In(f(4) =2
(D)

() f () =siny1-e*
f1(x) = cosV1- ex . L

T (O—e’x -(—ZX))

91



Continuity and Derivability

Q.13

92

ax=0
So.P—> 2

f,(x) doesnot exist

|sinx|
(i) f,x) = Jtan %
0
snx X
X tan~tx
= f,(x) does not continuous at x = 0
S0Q -1

(iii) f,(x) =[sinfn(x+2)]=0

lim

x—0"

=1

1<x+2<e”?
=0</n(x+2)<=

:>0<sin(£n(x+2)<l

SOR— 4

e x2sinL x %0
= X

WLe0=1 % o

SoS— 3

©

f(x) is a non-periodic, continuous and odd function

f(x) = —x%+xs8inx,x<0
x2—xsinx, x>0

(o)=Lt () -5 e
f(-0) = Lt x° (1—9—::)() —

= Range of f(x) =R
= f(x) isan onto function ... (D)
—2X+8inX +Xcosx,x <0
f'(x)= )
2X—8inX —xcosx,x >0
For (0, o)
f'(x)=(x—=sinx)+x(1—cosx)
aways+ve aways+ve
or0 or0
=fx)>0
=f(x)>0, Vxe (—oo,oo)
equality at x =0
= f(x) is one — one function ...(@
From (1) & (2), f(x) is both one-one & onto.

Q.14

Q.15

(A.Q)

f:R>R f(x) = (x% + sinx) (x-1)
f(11)=f(1)=f(1)=0

fg(x) : f(x).0(x) fg: R—>R

let fg(x) = h(x) = f(x).g(x) :R—>R

option (c) h'(x) = '(x)g(x) + f(x) g'(x)

h'(1) = £(1) g(1) + 0,

(asf(1) =0, g'(x) exists}

= if g(x) is differentiable then h(x) is also
differentiable (true) option (A) If g(x) is continuous
at

x =1then g(1") = g(1) = g(2)

¥ (r)= tim h(1+ hg—h(l)

f(1+h)g(1+h)-0

(r)= tim  EEIBENZ0 g
(1 )= tim MO0 4)qq)

So h(x)=f(x).g(x) is differentiable
at x=1 (True)

Option (B) (D) w

()i

f(1+h)g(1+h)
h

—f'(l)g( *)

(1) = lim

h—0"

(1 )= tim 2P)OE=N)

h—0* —-h

=f'(1)9(1)

=9(1)=9(1)
So we cannot comment on the continuity and
differentiability of the function.

[4]
f(X)=|2x=1|+[2x+1|

9(x)={x}

f(90))=[2{x} —1|+|2{x} +1|
(2 {12
_{4{x} {x}>12

discontinuousatx =0=c=1
' . 1 1
Non differential at X :_E’O’E =d=3

s.c+d=4



Q.16

(A,B,D)
Since f (X)=xg(x)

Ixiirgf(x)zlximxg(x)

lim £ (x) = limx)-(1img(x)|

x—0 x—0 x—0
lim f (x)=0x1=0 (1)

f (x+y)=f (x)+f (X)+f (X) f (y)
Now we check continuity of f (x)
at x=a

lim f(ath) = f (Q)+f (b)+f (@)+f ()
lim (f (a)+f (h)(1+f (a)))

limf (a+h)=f (a)

- (X) iscontinuous vx e R

Ixigg f (x) = f (0)=0 (Ixm f (x):O)
~ f(0)=0

and Ixi m% =1

S fr0)=1

Now

f(x+y) =£0) +f(y) +f(x) F(y)
using partical derivative (w.r.t. y)
frix+y)+ £ (y)+f 0+ '(y)

Continuity and Derivability

put y=0
f'(x)=f '(0)+f (x) f'(0)
f'(x)=1+f(x)

I%dx:jldx

n|(1+ f(x))Ex+C

f(0)=0; c=0 .. |1H(X)|=e
1+(x)=xe* or f(x) = xe*-1
Now f(0)=0 .. f(x)=e-I1

s f(X) = xe-1

option (A) is correct

and f '(x)=€*

f '(0) =1 option (D) is correct

e -1
g(X)f(x){ L, x;:O}

1; x=0

m
h—0 h 2
option B is correct
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Methods

| EXERCISES |

ELEMENTRY
Q1 (¥
1 dy 1
=X+= —“=1-= Q.7
Yy X+X3 dx X2
Therefore,
xz.ﬂ—xy+2:x2[1—i2)—x(1+lj+2:O
dx X X
Q2 (2
i( 1 j_i[cosx)
dx\x%secx/ dx\ x*
3 x4(—sinx)—cosx(4x3)
(x*)?
_ —x3(xsinx+4cosx) _ —(xsinx + 4cosx)
%8 %5
Q3 (1)
1 dz 2
z=a-— —=—=(a-2)
Here y = dy V2
Q.8
Q4 (1)
i( 2exsinx):xzi(e"sinx) +exsinxi(x2)
dx dx dx
= xe*(2siNX + X SN X + X COSX)
Q5 (4
since & - —sin(sinx?).cosx?.2x
dx
Therefore, at x=\/§ cosx2=cos%=0 = Q9
dy _
dx
Q6 (3

Putting x=sinAand ,/x = sinB
y=sin"}(snAv1-sn?B +sinBy1-sin®A)

=snYsin(A +B)]=A +B=sn"tx+sntVx

94

of Differentiation

Ly 11
dx \/1—x2 2\/x—x2

(4)
y =asinx + b cos x
Differentiating with respect to x, we get

d_y: acosx —bsinx
dx

2
Now (ﬂ) = (acosx — bsinx)?
dx

= a2cos? x + b?sin? x — 2absinx cosx

and y? = (asinx + bcosx)?

2

—asin?

X + b? cos? x + 2absin x cosx

2
So(%) +y2 =a?(sin®x + cos? x) + b%(sin? x + cos® x)

2
d
Hence (d—g + y2 = (a2 + b2) = constant.

(1)

y = tan " cot
dy_ 1
dx 4
(3)

_tant 4x 12+3X
Y 1+5x2 3-2x
15X X a3

+5X.X 1-24
3

2
=tan 5x —tant x + tan? 3 tan? x

d 5
= dx 14 25¢2°




| Methods of Differentiation

Q.10 (3) Q.16 (2)

d _ d (loge(logy x) i[zgnxo}:i{zgnﬂ}
&[|097(|Og7x)]_&( |oge7 dx| =« dx| =« 180
1 1 log, e 2 m Xn _ COoSX°

~ xlog,x log,7  xlog,x ° n180 180 90

Q.17 (1)

d . d|1 .
&+1J+Si”_l[&_1] S llog snx/e—xl=&blog(sn\/e—x)}
Ix -1 Ix +1

:%cot\/e_x 1 eX:%eX/zcot(eX/z)

= cos‘l[ Vx _1] +s n‘l[&—_lj _r 2(e*

Q.11 (1)

y= sec_l(

X +1 Ix+1) 2
Q.18 (1)
Y _o {'.'sin‘1x+cos‘1x:%} d
dx dy dyldt a[a(l— cost)]
012 (1) dx - dx/at %[a(wsint)]
Rationalising,
2 4 .t t
:2x + 20X _1=x2+(x4—1)1/2 ﬂz asint _ sint =25|nicos§
2 dx a+acost 1+cost 200321
3 2
= %:2x+ 2: .
X [
x7-1 ﬂztanl
dx 2
Q.13 (1)
y = (X COt® X)*2 Q.19 (2
(2 y_1—t2
% = g(x cot® x)” 2[cot3 X + 3x cot? x(—coseczx)] 1+t2 1+t2
Put t=tan®
3 3. \1/27 3 2 2
=—(xcot”x)™ “[cot® x —3x cot“ x cosecX] .
2 X:LanS:SinZG,yzl tan 9: 0s20
1+tan“6 1+tan’ 0
Q4 (2 dy dy/d0 —2sin20
d 5 > d 1 1 dx dx/d®  2cos20
—[4/sec“x + cosecx] = — —t——5—
dx dx|\\cos*x sin“x —2tan® —2t 2t
] TN %o T 112 2-1
= &[ZCOSECZX] = —ACOSeC2X Cot 2X . Q.20 (4)

Obviously X = cos™* -1

1 t
andy=sin"——
Q.15 (3) V1+t2 Vi+t?

2
y:logx.e(tanx+x) dx 1 (-1 1
a 5 20312 < 2
.‘.ﬂ:e(ta“’”xz).lJrIogx.e(th+X2)(sec2x+2x) t? 20+t vt
dx X 1+t2
_ (tanx+x2){1 2
=e —+ (sec” x + 2x)logx dy [ .2 1 1
— =y1+t°. =
X and " [ .2\312 1412
(V1+1t9)
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Methods of Differentiation

dy dy/dt

Hence o = ax/dt

Q.21 (1)

y=asin*o = j—gz 4asin®0 cosd

dx
and X = acos 6 = d_e=—4aCOS 0sin0O

_.ﬂ:dy/de —d§n?0 — _tan20
dx dx/do COSZQ

) - (5) -
dx/_3m 4

4

Q.22 (3
Given y— 3"2

-.-%(ax)=axlogea

dy _x2 d o dy . x2
—=3" 3— —=3" 2x. 3
dx 0Qe dx (X ) = X.10ge

dx
Q.23 (1)
Taking log both sides,

plogx +qlogy = (p+q)log(x +y)

E+ﬂﬂ:p+q(1+ﬂj:>ﬂ:y

= X ydx Xx+y dx dx  x°

Q24 (4) y:\/smx+\/smx+\/smx+ .....

= y=.snx+y=y?=snx+y
On differentiating both sides, we get

ZyQ— COSX +d—y:>—(2y

dx dx
Q.25 (1)
Given y = (sinx)'@%; logy = tanx.logsinx
Differentiate with respect to x,

1dy
y dx

= tanx.cotX + logsinx. sec? x

tanx

ﬂ:(sinx) [1+logsinx.sec? x] .

dx

Q.26 (3)
Let y=costvx and 7= 1 x

96

1) =cosx ,

Q.27

Q.28

Q.29

Q.30

-1

Ay JIx 2dx \/_
”dz 1 \/;

241-x

(4)
Lety, = tan~14/x and Yo = Jx
Differentiating w.r.t. x of y ;and y,, we get

by 11 dyy 1

dx  (1+x) 2\/—an dx  2Jx

Hence %:i
dy, 1+x
(3)
3 dy x3 2 2_X
_ X = —=¢e" .(3x°)=3"“e
y=¢e<,2 Iogx:dx (3x9)
..... (i)
N
dx X
(i)
3
dy 3x%* _33°

= dz (U
(3)

y = Acos(nx) + Bsin(nx)

. dy/dx = —nAsin(nx) + nBcos(nx)

_d%y 2 2na
Again d_2 = —n“A cos(nx) — n“Bsin(nx)
X

= —n?[A cos(nx) + Bsin(nx)]

dx  14x2

X -1
2y L+ x2).(el+xz)—e‘a“ X(2x)
dx2 @+ xz)2

-1

d’y  (1-2x)el X
=" 2\2
dx @+x9)

d% . 2 dy
Y1+ x?)=a-20Y
= d) =20



Q.31

Q.32

Q.33

Q.34

Q.35

Q.36

(3)

y=ae™ +pe ™ b _ ame™ — mbe ™
"odx
d2y
Again — = am?e™ + mZpe™
ax
2 2
= d_)z/: m?(ae™ + be™ ™) :>d_)2/: m?y
dx ax
2
or dTZ_ m?y =0
(4)

X1+ Y +yV1+x =0= x2(1+Yy) = y2(1+X)
S(x-y)(x+y+xy)=0
=>X+y+xy=0, {’.‘x;ty}

& -1
=X (14 x)2

(1)
x3+ y3 —-3axy =0
Differentiate w.r.t. X,

3x? +3y2.ﬂ—3a(xﬂ+ yj =0
dx dx

2
3(x2 —ay)+3j—§(y2 —a) -0

dy _ay-x

(4)
dix[tan‘l(cot x) + cot " (tan )]
A(-cosec’x)  Usec®x)

5 5 =-1-1=-2
1+ cot“ x 1+ tan“x

(2)

_1 1- (logx)?
f(x) =cos l{ﬁ} =2tan"1(logx)

1 .l.Thereforef '(e) = 1

= f'X)=2—"—
1+ (logx)© X e

(4)

y= cos1y1-t? =sintt

and X =sin}(3t —4t%) = 3sint t

dx yz_axl

Methods of Differentiation

v (2
d_y:i: 1-t d 1
x X [ 1 1=Y-
dat SL J dx 3
1-t2
Q.37 (4
x3 x2 3x2
f)=|1 -6 4
p p? p°

= f(x) = x3(-6p° - 4p%) — x?(p® - 4p) + 3x?(p® + 6p)

=>f(x)= —6p3x3 - 4p2x3 - x2p3 + 4px2 + 3p2x2 +18px2

d—d.‘_f x)= —18p3x2 - 12p2x2 - 2xp3 + 8px + 6p2x + 36px
X

2
a(;j—zf () = —36p°x — 24p°x — 2p° + 8p + 6p° + 36p
X

d>f (x
and # = -36p° - 24p® = a constant.
dx
Q.38 (2
sin px p cospx —pzsinpx

D= —p3cospx p4sinpx p5cospx
—p6sinpx —p7cospx pssinpx

sin px pcospx —pzsin pX
=p°|-cospx psinpx  p?cospx
—sinpx —pcospx pzsinpx

sinpx pcospx —pzsinpx
:—pg COSpX psinpx p2cospx =0.

sinpx pcospx - pzsin px

Q.39 (2
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Methods of Differentiation

Q.40

-1 t2 43
7 o=
(2 - 1) 2.1 (t2-1)

(3)

dx dy .
— =acoso — =-bsind
do and

JEE-MAIN
OBJECTIVE QUESTIONS

Q.1

Q.2

Q.3

Q.4

98

(1)
F() = yax?2 -1 .y =f(x)

(w2 = d_y_ 1 (y2
f'(x?) = 2X4_1’dx = 2x.f'(x?)

(1)

f(x) = log (¢nx)

/m(enx)
/nx

(nx(l -1j _1 n(fnx)
/nx X X

(Enx)2

= f(x) =

= f'(x) =

1

= f'(e) = eT = 1/e

(3)
y=x3—-8x+ 7and x = f(t)
dy

ot =2&x=3at=0
Cdy _ dy/dt dx _ dy/dt

dt ~ dy/dx

dx dx/dt

(2)

sin(xy) + cos (xy) =0

dy _ dy
= cos(xy) y+x& — sin(xy) Y+X& =0

Q.5

Q.6

Q.7

Q.8

dy _ cos(xy).y—sin(xy)y
dx cos(xy).x — sin(xy).x

(3)

y = f(x)

f(=x) = —f(X) = =f ' (=X) = —f '(x)
fr3)=f'(3)=-=2

(2
y =X —x2
y2= X2+ x4 — 2@
u=x2+x%-2x3
= 2x + 4x3 — 6x2

au
dx
vV =x2= dvldx = 2x
du
dv

= 2x2 — 3x+1

©)

4 [(exer) . d
dx X2 +x+1 - & =

[(x2+x+1)~(x2—x+1)J:aXer
(x2+x+1)

d
™ (X°-x+1)=ax+b

=>2xX-1l=ax+b
©)
X5’4(b§X”2) _(a_ bX3/2)§XJJ4
_ 2 4
x=5 X

dy

ol =0
dx

5/2

= x”“(xng”2 —g(a+ bx“’“)j =0

b 5 5

—a2 32 _ 2. 232

32x 4a 4bx 0

_X3,2F_b_5_b}_§
2 4 4

Put x=4




Q.9

Q.10

Q.11

Q.12

(3)
1 1
=E e
Q.13
&% 2w _s(2) 2
dt t4 t3 ' dt 2 t3 t2
3.2
dy _t® ¢
dx - 3 2
e
dy
ax
3 Q.14
ayY ay Lt
0 ax) “dx - @ TTtF
(3)
y=x<
y= exzénx
d
2 _ X (2x Inx + X)
dx Q.15
2
=x" 2mx+1)
(4)
() = fx=
at x = /4, |x| = x and |sinx| = sinx
o f(x) = xsix
= /n(f(x)) = sinx . £nx
1 sinx
= W f'(x) = cosx (nx + = f'(n/4) = 0.16
V2
T £€n£+—2\/E
4 2 4 T
(1)
) 1
= —L Sy = 2
U= ST ax? -1y VT L-x
u=cos? (2x2 -1);
differentiating w.r.t. to x Q.17
du XX du_ —x
WX f1m@Co2 & a1y
du —4X 1-x2 4

Y - x 1= ~© = —
V—4x? + 4x? -X 2X

dv

Methods of Differentiation

du
dv

__ 4 4
x=1/2 2(1/2)

(4)

y = Jsinx+y

squaring both side
y2=snx +y

2yy' = cosx + Y’
differentiating w.r.t. to x

L COS X
Y'=2oy-1

(2

dy

- 1
= COS ~(COSX), —
y (cosx) x|, _5n

-
S 2
d
Y _,
X
(4)
y=snt (Iox + Vx y1-x2)
dy o1
dx 2Xx(1-x)

y = sl + simi(fx )
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Methods of Differentiation

dy 1 1
dx \/1—x2 24/x+/1-x
Q18 (3)
i [2)
Y= {14x2) - dxly_yp

X =tand =y =sin! (sin 20)

Mean

-1

T
20 < - —

y=n—-20=n-2tanl x

-2

dyl 2
dx|,_ o 7 (1+ Xz) T 5
Q19 (2
1
g(x) = 1 (x) 9 = Ty
1+x*
gfx) - f'x) =1 =5
g(He@) = -
Q20 (2)
F(x)=
f g h||f g h||f g h
fog h| |f g hl,g ¢ h|.
gt h e gt k| F gt R

100

Q.21

Q.22

(2
cosx x 1
f(x) = |2sinx X% 2x
tanx x 1
f'(x)=
-sinx 1 O cosx X 1 |cosx x 1
2sinx  x2 2x| [2cosx 2x 2| [2sinx x2 2x

tanx x 1| [tanx x 1] [sec?x 1 0

-sinx 1 O cosx x 1
f(x) _ -1 |2sinx x* 2x L1 2cosx 2x 2
X X ltanx x 1| X|tanx x 1

-sinx 1 0 cosx 1 1
sinx
=2_x x 2, [2cosx 2 2
tanx x 1 tanx 1 1
cosx Xx 1
2cosx 9

X
sec’x 1 0

0 10
iiinoLXX): 20 2,0+0=0-1(2+0=-2
0 0 1
(3)
COSX  sinXx COS X

COS2X Sin2x 2c0s3Xx
cos3xX sin3x 3cos3x

f(x) =

differentiating w.r.t. to x

sinx cosx -—sSinXx
COS2X Sin2X 2c0s2x
f'(x) = _ +
cos3xX sin3x 3co0s3x
COS X sinx COS X
—2sin2x 2cos2x —4sin2x +
COS3X sin3x  3cos3x



| Methods of Differentiation

CoS X sinx cOS X [dZyJ [dZXJ 42X 5 g 4X

: — — a2
COS 2X sin2x  2c0s2x dx2 dyz 2 =-2e
—3sin3x 3cos3x —9sin3x
10 -1 o 10 Q2 )
T f(x) = x
f'U:—10—2+0—20Jr
2 0 -1 0 0 -1 0 (1) Q) (1)
f(l)—H + 1 -t (4) YR
0 1 0 fx)=n.x"1 = f(1) =n
-1 0 -2 f'(x) =n(n—1) x"2 = f"(1) = n(n - 1)
3 0 9 f"(x) =n(n - 1) (n -2) x™3
= 1(2) +0-1(1) + 0—1(-3) + 0 = f)=nn-1) (-2 :
=2.1+3=4 -
_1)x2
Q.23 (4) f(l—x)"=1—nx + % e
X = at? !
= 2at
Y n(n-1)
dy 2a 0=1-n+ "5 +
dx ~ 2at
d%y 1 dt Q28 (4
N
L ta =, lIm A=) (9)
1 1 ' X—2 2_x 0
T2 2at " 2atd Apply L. Hospital rule
. 2 .
Q24 (4 lim g F0x7)2x (X_)l'zx = IMo+rpd2x = f(9)
y = (&) L, ~
Y =f(€9) . & = y"=f"(e) e + & (&) 2-2 =f'(4)-4=20
Q.29 (2)
Q.25 (1) y=(1+X) (1+x) ... (1+x2)

y=€e>*cosx,y, +ky=0

differentiating w.r.t. to x _ (- X)L+ x2)(L+x*)... 1+ x*")

y, = —€% cosX — €X sin x 1-x)
again differentiating w.r.t. to x
y, = €Xs8inX + X cosx —{e™* cos X — e sin x} _ 1-x4"
y, = 267X sinx Y= 1x
Y5 = 267 cos x — 2e7* sin X
y, = -2 sin x — 27 cosx + 2e* sin x @y (- x)(=4nx*1) 4 (1 - xM
— 267 cos x = (1—x)2
Yat+4y=0
Q.26 (4) dy  —4nx*" 4 anx M 41 x4
y = & = dx (1 x)?
j_Y=2e2x j_xz%e—bg &y _ -anx040+1-0
2X ¢ ~dx x=0 1 -
dy _ 42X i(d_xj e 2%y 1
dx? dy ( dy 2e2x
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Methods of Differentiation

JEE-ADVANCED
OBJECTIVE QUESTIONS
Q1 (B)

[Zx—lj , _
y=f w211 & f'(x) =sinx

Q.6

dy _ (2x—1] {(X2+1).2—(2x—1).2x} )

_ (2x—1] 2(1+x —x?)
Mx241) (14 x2)?

Q2 (O

tan1x

Y= Ittantx

dy 1+tantx —tantx
= d@antx) " (1+tan"1x)? N

1
(1+ tan1x)?

Q3 (B) Q.7
X1ty +yJlix =0

X*(1+y)=y*(1+Xx)
x2—y2+x2y—y2x=0
X+y)(x=-y)+xy(x-y)=0
(X=-y) (x+y+xy)=0

X
.x¢y:>y——m
dy _ —@ex)+x _ L

T T @ex? | @ex)?

Q4 (A

dy 2ax + 2hy
dx ~ | 2by + 2hx

oy ax? ax“+hy Q.8
"X by + hxy

‘<

_y —by? — 2hxy + hxy _y
X by? + hxy T ox

Q5 (©)
¥ =/nx Q.9

f=(x) =9(x)
ef(¥)

102

= g() =(x) = e

S g = e e=et
(B)
510
f'(x) = 1ol 92)=a& g(2)="7
g isinverse of f
f(g(x)) = x

Differentiating w.r.t. x
f(9(x)) . g(x) =1

1
9 = Fg(x)

97 10R) T @
, 1+a?
g (= 10
(B)
-sinx 1 O cosx x 1
H 2
f1(x) = 2sinx x° 2x + 2c0sSX 2x 2 +
tanx x 1 tanx x 1
cosx x 1
2sinx  x2 2x
sec’x 1 0
=x2sinxXx+2xtanXx—2sin X+ x>sec?Xx +2sinx —
2X COoS X
lim T _ lim
= x50 X ~ x>0
[xsinx+2tanx—Zsmx+xseczx+ZSInX—Zcosx)

=0+0-2+40+0+2-2=-2

(D)
sinmx mcosmx - m?2 sinmx
“m3cosmx m*sinmx  m° cosmx
—m®sinmx —m’cosmx m®&sinmx
by expanding=0
(A)

n in—1 1
y=E—25|n— X.Ccos™ x



Q.10

Q.11

Q.12

dy 2sin'x  2cos'x
dx ~ J1-x2  W1-x2

d
= J1-x2 % = 2(sin x — cos? x)

again differentiate both sides w.r.t x

dy X_ dy
Vi-x?  V1-x°
d’y  dy
— X2 — =
= 1-x9 02 X ix 4
(©)
u=ax+b
Let y = f(ax + b)
dy =af'(ax + b)
dx
ﬂ =a* f""(ax + b)
dx?
d3y a® f'""(ax + b)
_— = !Hax
dx3
n
y
=afr(ax+b
o ( )
n n
= f(ax + b) = a" f" (u) = a" f(u
o ( ) (u) au (u)
(B)
y =X+ ¢
dy
ax =1+e
dx 1

d_2x —-e*  dx —e¥
T dy? T (1+e¥)?dy  (1+e¥)?
(©)
y? = P(x)

dy
= 2y x P (x)

Q.13

Q.14

Methods of Differentiation

dy _ P'(x)
 dx 2y
d’y  yP"(x)—P'(x) dy/dx
= 2_2 = 2
dx y
= 2 3 ﬂ — \/2 P”(X) _ P,(X) d_y
Yoz =Y Y g
d®y P'(X)P'(x)
3 — 7 - 2 _
= 2y 2 P(x) P"(x) 2
dy _ P(x)

d 3d2y
:>2dx [y dsz

P'(x).P"(x)

=P(x).P'(x) + P(x) . P""(x) — 2 5

. 21 3(j2_y —P PN!
24 |V | PO P

©)

y=acos/nx+bsn/nx
differentiating w.r.t. to x

!—_E'( +E z
y = Xsm nx XCOS nx

Xy’ =—asin /nx + b cos ¢nx

. , acos /nx bsin /n x
Xy +y = — X _ .
X2y + Xy = —y
(©)

1
8 f(x) + Gf(;j =x+5 .. ()
Replacing x by 1/x

1 1
we get 8 f[;) +6f(x) = N + 5.... (ii)

(=Y

(i) x 8 = 64 f(x) + 48 f [—j = 8x + 40.... (iii)

x

(=Y

(i) x 6 = 36 f(x) + 48 (;) = g + 30..... (iv)

(i) = (iv) = 28 f(x) = 8x — g +10
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Methods of Differentiation

Differentiating w.r.t. x :
6 =f (X)f ) L (X) f(x).1
28 f'(x) =8 + —
X Q.3 (AB.CD)
f'(x) =asinx + (ax + b) cosx + ccosx —(cx + d) sin
X =X COS X

Now y = x2 f(x)

= gx =X 00+ 2xf(x) = (a—cx—d) sinx + (ax + b + C) cOS X = X COS X
—az0anda=landb+c=0anda—cx—-d=0
dy —a=1b=—candcx=a-d
P;l_{=rei)—ze1) —c=0
—>b=c=0anda=d=1
14 -1 Q.4 (A, D)
:—8—2(2/7) =12 { f(-2) =2/7} X =cost,y=/nt
dy 1 1
Q15 (B) dx ~ t -sint
f(x) =f'(x) + f'(X) + ... 0
f(O) =1 _ _r
at= > at= o
JEE-ADVANCED
dy - dy 12
MCQ/COMPREHENSION/COLUMN MATCHING profitis profiabae

Q.1 (B, C,D)
f(x) = [(x —4) (x = 5)|

f(x)=2x-9,x>5 Q5 (ABCD)

u=e‘sinx,Vv=e*cosx

du .
™ = e cosx + e€sin x

dx
d
T —V:excosx—exsinx
. dx
45 y=-x"+9x-20
Adding: 34+ Y Zov 2y
9 ax Tax VT
f'(x) =—2x+9,4<x<5 )
i = d“u
Not defined at x = 4, 5 by graph d—zzexcosx—exsinx+excos<+exsinx
X
Q2 (AC) =V = [B]
f(x)=e"1% yneNandf,(x) =x du du
f(x):ex v.d—x—u.d—xzezxcoszx+ezxsnxcosx
f(x) = e° —eXsinx cosx + e sin? X
=u?+v2—[A]
f(x) = Q.6 (ABD)
XPY4 = (x +y)Pra
taking log both side
PRI n times x Plnx + qfny = (p + Q) /n (X + y)
— et — afn-1(x)
f(x)= = e P, q ,_p+q Lav
” = x+y &Y)

d d
Now - f,() =1 (x) [&fn—l(x)j

q p+qg y p+q
X+Yy _x+y

d
=f(x) .f (X (_fn 2(X)]

P {qxwy py - qy} . p+q
(x+y)y T Xty
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| Methods of Differentiation

@-py| . _p+a_p 2 p=rw_2m Y
(X+y)y X+y X dx
y
{qx—py}  PX+QX—px—py - :—i -_ 2
x+yy| ¥~ X(X +Y) 2
X _ oX+y 2y
,_(ax-py)  (x+y)y & _2-270 2 1 .,
Y= (ax-py) * (x+y)x dx Y _py  2Y2*-1) 1-2
y=2
X Q.9 (B, C)
1
Q.7 (A, B) " t= = (2 +y?)
t t 2
S S L —
sin /1—t2 to.t.t. cos 1412 ,
1
T T = -mx+y)=snt| T, 5
Put t = tang E<q<5 2 XS +y
. tano case-l : Whenx >0
u = sin |SeC6| i ] , l(yj
mee+y?) =2 tan| o
u=sin * (sin q) = N0 +y7) = x
u=gq tan 't l\
1 2 (xy-y
du 1 = 2 2(2x+2yy’)=—2[ 2]
— =T _n o = X" +y y X
dt (1+1t9) > > 1+X—2
Xy ' —yy' =x+
V =cos? [seco| RS y
X+Yy
= cos ™ (cosp) :y’:ry
T T
l ‘l' Let =xtane;ee(——,—j
0 0>0 -9,0<0 Y 22
tan’ >0 t<0 - y . [_xtan®
Vt:>tgn—1t = sin X% 1 y? =S | | Xseco|
dv 1 for t >0,
at o 1.2 t>0 1 G:tan‘l(lj, x>0
X
v _ 1 &fort<0 e (Lsinej -
dt 142 t<0 1 =9 x| - —Oz—tan‘l(xj, X <0
X
Q.8 (A, B, C,D) .
ox 4 oy = oxty 0 case-l : When x<0
diff. both sides w.r.t.x
g N(x2+y?)==2tan? |
d
22+ 2. (n2 d—i = 2% . /n2 (1+d—ij
(2x + 2yy") -2 Xy'-y
) _ . dy . = X2+y2 = y2 X2
2% — 2%y = (2% = ) ax (i) 1+X—2
2X(1-2Y) dy y (x+y)=y-x
2Y(2* -1  dx y—X
from (i) & (ii) Y= yix
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Methods of Differentiation

Q.10 (B, 0C)
L V1+ x2 +1
y=cost | /—
2v1+ x2
dy -1 1

1 2X

@ X
dx 1 1 41+ x%)3/2

4 41+x?)

U
I

dy 2 1+ x2
= — =
dx ~ 1yx2-1

41+ x (1+ X )

day X
= dx 2] x|(@+x?)

when x <0
dy -1
dx — 2(1+x?)
whenx >0
dy 1
dx ~ 2(1+x?)

Alternate :
put x = tano

r
‘2
_ o, [kIsecd]  Jcos6+1
y=cost {5 seco| =0 5

y = cost (cosd/2)

0/2 , —m/2<0<0
Y=l0/2 , 0<0<n/2

N3

tarlx =0 e [—

1
S
dy |2kt 5P
- 1
w2 xs0
2(1+x7)
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dx 1 1 '
AETERR R e
2 2 1+X2 2 2 1+X2

Q.11

Q.12

Q.13

(A, B)

()

3+2/n X
il N A
y=tant | /n(ex?)| +tan [1—6£nxJ

o 1-2/nx _13+2€n X
y=tan 1+2mx ) T@an 1-64nx

1-2/n x N 3+2/n x

1+2/nx 1-6/nX
tany = 1 (@-2/nx)(3+2nx)

~ (L+2/nx) (1-6/nX)

4+16(/n x)?

(2 +8(/n x)?)
T _2-8(tnx)*> T

1+4(¢n x)2

d
Yoo 9Y
dx dx

(B,C,D)

f(x) =sin 2x{sin(x + x3).sin(x —x?) + cos(x + x?) cos(x
—x3)} + sin 2x*{cos (x + x?) cos(x — x?)

—sin (x —x?) sin (x + x?)}

= f(x) = sin 2x.cos 2x? + cos 2x.sin 2x2

= f(x) =sin (2x + 2x?)

= f'(X) = (2 + 4x) cos (2x + 2x?)

Now

. 1 1 1
f [—Ej =(2-2) cos (— +Ej =0

f'(<1) =—2cos0=-2
f"(x) = 4 cos (2x + 2x?) — (2 + 4x)? sin (2x + 2x?)
f'(0)=4-0=4

(C,D)
f7(x) = — f(x) ()
f'(x) = 9(x) ... (i)

h'(x) = (F(x))* + (9(x))* ... (iii)
h(0) =2, h(1) =4
Differentiating equation (ii) w.r.t. x
fr(x) =g'(x) =-f(x)
Differentiating equation (iii) w.r.t. x
h"(x) = 2f(x) . f'(x) + 2 g(x) . g'(x)
=2f(x) . f'(X) =2f'(x) . f(x)=0{- g(X)=-—
f(x)}
= h'(x) is constant
= h(x) is linear function
-+ h(0) = 2 = h(x) not passing through (0, 0)
Lety=h(x)=ax+b
aax=0



Q.14

Q.15
Q.16

Q.17

y=2=bh y=ax+2
ax=1

a+2=4

a=2
= curveisy =2x + 2

(AB,C)

2

f, g, f(0) = 90)

f'(0) =29'(0) = 49(0), g"(0) = 5f " (0) = g(0) =3
f'(9)-g'f

f(x)
(A) h(x) = @ = h'(x) = 9

'(0) g(0) - g'(0) f(0)
g%(0)

=h (0) =

0))2 - 2q(0). -2
4(9(0))" —29(0) 4(0)
9

=h'(0)=

36-4
W)= =5~ =

k(x) = f(x). g(x). sinx
K (X) =f(x) g(x) Snx +f(x) g (X) Snx +f’(x) g(x) Snx
kK(x)=2

32

= (A)
Lim 9 _ Lim 90 _1
Xx—0 f'(X) ~ x—0 f'(X) - 2

Comprehension # 1
(B)

(A)
(®)
(18 to 20)

of
dy  9x _ 2x+5y-2 -5
dx ~ af © 5x+2y+1 8 a(l1)

oy

dy _ dfdy

= dx2 ~ dxldx) —

(5x + 2y+1)(2+5ﬂ)—(2x+5y—2)(5+ ZQ)
dx dx

(5x +2y + 1)2

d?y

dx?
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(€8] 256

Q.18

Q.19

Q.20

Q.21

Methods of Differentiation

For question 8

Slope of normal at (1, 1) = ax 8
P 77 dy 5

Equation of normal

8
y-1= 5 (x-1)=5y-5=8x-8
=8-5-3=0
Comprehension # 2
(B)
D*C=(C) 2C

=02C
=0

©)
D*9x)) = lam) ) e

_[f'(x)g(x)—g'(x)f(x)] {f(x)}
) o*(x) “Laeo]

g(x)
a(x)

_ (2fC0F () 9% (%) —(29(x) g (X)) (x)

g*(x)
_ b~ f(x).9°(x) - D * g(x).f*(x)
- g*(x)
(D)
(21 to 23)

; f(x+h)—f(a
D*(f(X)) = Am w
D*(f(x)) = f'(x).2f(x)
Now
D*(fg) = (fg)".2fg
= (f"(x).9(x) + g'(x).f(x))2f(x) g(x)
= (210)F' (X)) g*(x) + (29(x).9' (X)) f*(x)
= D*f(x).g%(x) + D*g(x).f4(x)

(f(x + h) —f(a))

(A) = (p), (B) > (@), (C) — (1), (D) > (9)
(A) y = cos(cos x)

-1 sinx

VJl-cos?®x (=sinx) = | sinx|

yax=5is-1

y =

T

X
(B) y =f(x) =Intan (Z+Ej

2f T X
sec”| —+—
d_y ( 4 2 j 1
dx tan (Z + ;j 2
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Methods of Differentiation

Q.22

Q.23

108

1 L 1

2 sin[ ™1 X cos[E4 X sin[n+x)
4 2 4 2 2

Sec X

d 1(1+x] 1 d [1+x
© ax @ l1ox )= Loy 2 O 1-x
1+(]
1-Xx
(1-x)? 2 1
T2+ x%) | (1-%% T 14x2
ax=-1
d B [1+x] 1
ax @ (1-x )
1
X-——=/n| X
5 d /n|x] _ _x | |_1—€n|x|
( )dx X x2 T ¥2
ax=-1
d /n|x]| 1
dx  x

(A)-PQ; (B-PQRST; (C)-RS; (DR
(B) 10

2 Y,
© X+ ;(X v {4x2_4(x—1)2}

- 4x2 +4(x—1)2 > 2x2+(x—1)2+1
| S ——

U

min™ value=3/2

0 {4"2 + 4()‘*1)2 } 'smin value = 2°2

0 f(X),;, = 32 = p/q
(D) Hence at 4 points function is not differentiable

yA

-1 /_1><z 0 ><11f\\A 1 x
72 2:
1
: : Yy = COS 1X
1

(A) > (9); (B) > (1) (C) > (9); (D) > (p)
(A)y =f(x)

. dy
©odx

=f'(x%) . 3x?

dy

Lol =f(1).3=9

dx

x=1

(B) f(xy) = f(x) +f(y)
f(1) = f(1) + f(2)

~f)=0

1
(1) =f(e) + f(gj

1
o f(e) + f(—] =0

(C) f7(x) ==1(x), F'(x) =g (x)
g =1 (x)=-f(x)
h (x) = (f (x))? + (9 (X))
L h () =2f(x) . f'(X) +29(X) . g’ (X)
=2f(x) . g (x) +29(x) (-f(x))=0
~h(xX)=¢,xeR

- h(10)=h

(D) y = tan™ (cot x) + cot™(tan x), g <xX<m

®) =

dy —cosec?x -1

dx  1+cot®x

=—1-1=-2

NUMERICAL VALUE BASED

Q.1

Q.2

(2]

Limit

[1]

f(x)=x+

(1+ h)2 +a(l+h)+b-a-1

1+tan®x

Sec?X

=2a

exists only
2a=2+a=a=2b=0=a+b=2

2X +

2x+1....

h

Lt b_
h—>0h+2+a+ﬁ_ 2+a

when b

0



Q.3

Q.4

Q.5

Q.6

x+f(x)=2x+

2X +

f =2X4+————
x+f(x) X+2x+f(x)

(x+f(x))(2x+f (x))=2x[ 2x+ (x)]+1
on differentiation and puting x = 50

f (50)f*(50)
50

(3]
0
L is 6 from, By L.H. Rule,

f'(2h+2+h?)(2+2h)
o f'(h—h®+1)(1-2h)

_2f(2) 2x6
RO =3

[0]

Q: sinx :sinx

dX 1-cog?x [sinX

[8]

y=f[(f(x)]
yl:fl[f[f(x)]].fl[f(x)].fl(x)

v{(0)=F[F[F(0)]]£[f (0)]1*(0)=222=

8
(1

2
(x2+y2)2 :(t—gj :t2+tiz—2

= xP+yt+2x%y? =Xyt -2 = xPy? =1

differenciating with respect to x

— x2.2yﬂ d_q
dx

+y?2x=0=> x3y& =

Q.7

Q.8

Q.9

Methods of Differentiation

[1]
log(x+y)=2xy;When x=0;y =1

SRR
X+Yy dx dx

(2]
Taking log on both sides

nlog (Xx+y)=logx+logy

L[l_l_ﬂil :14_1%

differenciating wrt x X+y dx | x ydx

dy y|x+y-nx

= n=2 .
dx x[ny—x—y}:> satisfies
[0]

Giventhat,

f(x=y) = f(x).9(y)— f(¥).9(X) ....()
g(x—Yy) =9(x).9(y) + f(x).f(y) ..(ii)
In equation (i) putting x = y we get

f(0) = f(x)g(x)— f(x)g(x)

= f(0)=0

Putting y = 0 in equation (i) we get
fF(x)=f(x)9(0)— £ (0)g(x)

= f(x)=1(x)9(0) [usngf(0)=0]
= g(0)=1

Putting x = y in eguation (ii) we get

9(0) = 9(x)g(x) + f(x) f(x)

= 1=[g(X)]* +[ f (X)]? [using g(0) = 1)
=g =1-[f(X]*> (iii)

Clearly g(x) will be differentiable only if f(x) is dif-
ferentiable.
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Methods of Differentiation

Q.10

110

.". First we will check the differentiablity of f(x)

1
1,3 /3
Given that R ' (0) exists = g'(xX+e7)=

3X2 _’_eX/Z.E
f(0+h)— f(0) 2

e, lim exists
h—0 h
For X =0, we get 9'(1):1/—222
o im @Y~ f(=hg©
&, 1m h exists Q11 [0]
We are given the function
. —f(=h)
ie, Ihlng exists X

(sin y)§"(7j +§secl(2x)+ 2*tan[log(x+2)]=0
(using f(0) =0 and g(0) = 1)

Which can be written as, dy
Differentiatingw.r.t. xandputx =- 1weget —— = 0
_£(0)—f(-h) ox
- - H0 Q12 19
. . . B 2x? 3x+x%-3x B x>
= L0 =R (0) y= (x—2)(x—3)(x—4)+ (x-3)(x-4) (x-2)(x-3)(x-4)

.. fisdifferentiable, at x = 0
logy = 3logx —log(x —2)—log(x — 3) —log(x — 4)
Differentiating equation (iii) we get

Y . dy
29(x).9'(x) =—21(x).f (%) a1 1.1 1 1 1
Forx=0 y x x* x x-3 x x-4
= 9(0.9'(0)=-f(0f(0)
2 3 4
= g'0)=0 S x(x-2) x(x-3) x(x-4)

[Using f(0) =0 and g(0) =1] xdy 2 3
— = +

- = + =a+b+c=9
ydx 2-x 3-x 4-x

(2

Giventhat f (X) = x*+ € Q13 [0]
Giventhat,
Let g(x)= f *(x) then we should have
gof (X) = x f(x=y)=f(x).9(y) = f(¥).9(x) ....()
= g(f(x)=x g(x—y) = 9(x).9(y) + f(x).f (y) ...(ii)

In equation (i) putting X =y we get
f(0) = f(x)9(x)— F(x)9(x)
= f(0)=0

= g(xX+e'%)=x

Differentiating both sides with respect to X, we get

g'(xX*+ ex’z).[3x2 - ex’z.%] =1



JEE-MAIN
PREVIOUS YEAR'S

Q.1

Q.2
Q3
Q.4

«y

Inf(x + 1) = In(xf(x))
Inf(x + 1) = Inx + Inf(x)
=g(x+1)=Inx+g(x)
=g(x+21)—g(x)=Inx

1
o2

=g x+D)-g'x)=""

Pux=1,234

1 1 1
g@-g'()= r
1 1 1
Q@) -g'(= 2
1 1 — 1
g@d-9Q= Y

i ) 1
gO-g@="",
Add all the equation we get

1
¢O-TW="p 5 g

205
G 0=

(3)

[40]

(7

(1)

(2

(3)

(4)

Methods of Differentiation

Q5 (9

JEE-ADVANCED

PREVIOUS YEAR'S

Q.1 (B,C)
f(x) =xsinmx,x>0
f'(X)=sinnx+nxcosnx=0
tan X = —nX

Q.2 (B,C)

f:R->R
fX)=x+3x+2
fisinvertible.

Since g (f (X)) = x

=f () =g or f(x) =g (x)
(A) Since g (f (x)) = x

= g'(f(x).f'(x) =1

, 1
Forf(x)=2,x=0so, 9 (2)=m = g'(2 =

1

3
(B, D) Now,

h(a(g(x)=x = n(g(a(f(x)))=1()

h(g(x))=f(x) =
=Sh(x)=f(f(x)) = h(x)=f(f(x)).F'(x)
f

© g(g(x))=0 ..

so, h(g(g(x)))=x = h(0)=16
Q3 (B,C,D)

Iimf (x)sint—f (t)sinx _sn’x

t—>Xx t—X
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Methods of Differentiation

Itimf (x)cost;f (t)sinx _din?x

= f (x)cosx —f'(x)sinx =sin®x

N _{f’(x)sinx—f (x)cosx}_l

Y Y __l
Putx=€&f(6)— 12
. c=0= f(X) = —xsinx
(A)f(zj:—_ni

4) 442
(B) f(x) = —x sinx

3 4
. X . > X
ass|nx>x—€,—xsm<—x +€

4
S (x)<—x? +%VX e(0,m)

(C) f'(x) =—sinx —xcosx

f'(x) =0= tan—x = there exist o <(0,x)for

JIL

which f'(c) =0 ’\\&

(D) f"(x)=—-2cosx +xsinx

s
()
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